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ON THE DISTINGUISHED SPECTRUM OF Sp2„ WITH RESPECT TO 

SPn X Sp„ 


EREZ LAPID AND OMER OFFEN 


Abstract. Given a reductive group G and a reductive subgroup H, both defined over a 
number field F, we introduce the notion of the ^-distinguished automorphic spectrum of 
G and analyze it for the pairs (GL 2 n, Sp„) and (Sp 2 „, Sp„ x Sp„). In the first case we give 
a complete description using results of Jacquet-Rallis, Offen and Yamana. In the second 
case we give an upper bound, generalizing vanishing results of Ash-Ginzburg-Rallis and 
a lower bound, extending results of Ginzburg-Rallis-Soudry. 
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1. Introduction 

Let G be a reductive group over a number held F and let R be a closed subgroup of G 
dehned over F. Let A be the ring of adeles of F. In the theory of automorphic forms one 
is often interested in period integrals 

(1) f F’{h) dh 

Jh{F)\H{A) 

(assuming convergent) and in automorphic representations of G{A) on which such an in¬ 
tegral is not identically zero. In certain cases these representations, which are called R- 
distinguished, are characterized by functoriality and the period integral is related to special 
values of L-functions. In the analysis of these period integrals one is often lead to study 
non-convergent integrals which have to be suitably regularized. More fundamentally, one 
may ask whether there is a sensible notion of the R-distinguished spectrum which captures 
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both the automorphic representations for which ([T]) converges (and is non-zero) as well as 
others. In this paper we propose a candidate for this space and study it in specihc cases. 
Namely, (fixing a central character which we suppress from the notation for simplicity) we 
consider the orthogonal complement in L‘^{G{F)\G{A)) of the space 

of pseudo Eisenstein series (p on G{F)\G{A) such that Jh(f)\h{a) vi^g) dh = 0 for all 
g G G(A). We will be interested in the spectral decomposition of L^_jj;g^(G(F)\G(A)), 
and in particular in its discrete part fJ_^^^^^{G{F)\G{A)). (It is possible to consider 
smooth rapidly decreasing functions instead of pseudo Eisenstein series but we do not 
know whether this gives rise to the same space in general. At any rate, it seems that the 
choice above is the most convenient for computation.) Arguably, the most curious phe¬ 
nomenon observed in the paper is that _^^g^{G{F)\G{A)) may contain an irreducible 

constituent for which the integral ([T]) is not convergent! (See Theorem 18.111 and Remark 

EH) 

We will describe L‘jj_^^^^{G{F)\G{A)) (and in particular, _^^^^{G{F)\G{A))) com¬ 

pletely in the case where G = GL 2 n and H = Sp„ (the symplectic group of rank n). Recall 
that in this case, by the results of Mceglin-Waldspurger, the entire space L%JGiF)\GiA)) 
can be described explicitly in terms of the cuspidal representations of GLm(A) for all 
divisors m of 2n |MW89j . It turns out that L‘^^^^ fj_^^^^{G{F)\G{A)) is the contribu¬ 
tion to Ljjg^(G(F)\G(A)) of all divisors m of n. More generally, in terms of the Lang- 
lands decomposition of L^(G(F)\G(A)), L|^_^;g^(G(F)\G(A)) consists of the part whose 
discrete data belongs to jy^^_^;g^(M(F)\M(A)) where M ranges over the Levi sub¬ 
groups of the form M = GL 2 ni x • • • x GL 2 ns, and Mh = Sp„^ x • • • x Sp„^ (so that 
Llisc,MH-dist{M{F)\M{A)) = 0 L 2 ,^^sp^^_digt(GL 2 „,(F)\GL 2 „,(A)) is described as above). 

The main input for this case is the results of Jacquet-Rallis, the second-named author and 
Yamana about symplectic periods of automorphic forms on GL 2 n |JR921 lOffOGbl lOffOGal 
IYaml4] . In fact, we can formulate the same result for a variant of Ll_^,,{G{F)\G{A)) 
where instead of pseudo Eisenstein series one uses a much bigger space fGorollarv l7.7p . 

The results for the pair (GL 2 n, Sp„) suggest a close connection between the distinguished 
spectrum and the automorphic spectrum of the group GL„ through functoriality. However, 
it is not completely clear how to make this connection precise. (See Remark 17.81 ) 

A more interesting case is the pair (G, H) = (Sp 2 „, Sp„ x Sp„) which is the main focus of 
this paper. In this case we do not know even a conjectural description of ^_^:^^^^{G{F)\G{A)). 
However, we will be able to identify a certain subspace of ^Lc,r.-dist(G'(A)\G(A)) which 
seems to be the most relevant for the descent construction of Ginzburg-Rallis-Soudry 
(cf. |GRS99j L (We will say more about that in a future paper.) In particular, we find 
there representations for which ([1]) does not converge. 

In the opposite direction, by results of Jacquet-Rallis and Ash-Ginzburg-Rallis, both 
cases above are examples of pairs (G, FI) for which no cuspidal representation of G(A) is 
iJ-distinguished |AGR,93( I JR, 92] . Recall that LF‘{G{F)\G{A)) has a coarse decomposition 
L^(G(F)\G(A)) = ®xL\{G{F)\G{A)) according to cuspidal data 'X.. We will show that 
for many cuspidal data X we have L|(G(F)\G(A)) fl L]i.disti.G{F)\G{A)) = 0, extending 
the abovementioned vanishing results. Moreover, for the remaining cuspidal data X we 
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will control the affine spaces & which potentially contribute to L^_jjg^(G(F)\G(A)) under 
the hner decomposition (due to Langlands) 

Ll{G{F)\G{A)) = ®eLUG{F)\G{A))e 

according to intersections of singular hyperplanes (cf. |Lan76tlMW95] ). In the case {G, H) = 

(GL 2 n, Sp„) this analysis (together with the results of |Yaml4j ) is propitiously sufficient for 
the precise description of L|^_^jgj.(G(F)\G(A)). This is to a large extent due to the simple 
description of L^;g^(G(F)\G(A)). In the case {G,H) = (Sp 2 „, Sp„ x Sp„) the upshot is 
unfortunately a bit technical to formulate and is stated as Theorem 18.41 in ^ At any rate, 
we do not expect that our result gives L|^_jj;g^(G(F)\G(A)) precisely in this case, but only 
an upper bound. 

The main ingredient for our analysis is a formula for the i7-period of pseudo Eisenstein 
series. This kind of formula was considered for other pairs {G, H) where H is the hxed 
point subgroup of an involution and is probably quite general |JLR991 ILR031 IQffOGa] . It 
is based on an analysis of double cosets P\G/H where P is a parabolic subgroup of G 
(starting with the fundamental results of Springer |Spr85| ). 

Once again, the results suggest a relationship between the distinguished spectrum for 
the pair (GL 2 n, Sp„) and that of the pair (GL 2 n, GL„ x GL„) via functoriality. However, 
the precise relationship requires further analysis and possibly additional variants of the 
notion of distinguished spectrum. 

In general, one may wonder whether L‘jj_^^^^{G{F)\G{A)) admits a decomposition remi¬ 
niscent to the Langlands decomposition of L^(G(P)\G(A)), namely in terms of j:^^_^;g^.(M(P)\M(A)) 
for suitable pairs (M, Hm) where M is a Levi subgroup of G. We are not in a posi¬ 
tion to formulate a precise conjecture in general but we will do so in the case {G, H) = 

(Sp 2 n) Sp„ X Sp„) (GonjectureESD. 

We mention that in the more general context of spherical varieties, spectral analysis 
of period integrals (as well as their local counterparts) are studied in a recent work by 
Sakellaridis-Venkatesh |SV12j . However, their focus is somewhat different and in particular 
we do not know what role does the space L|^_jjg(.(G(P)\G(A)) play in their theory, if any. 

As alluded to above, our main result will be applied in a subsequent paper to analyze 
the descent map of Ginzburg-Rallis-Soudry and its image, suggesting a way to study 
functoriality (in the generic case) without using the converse theorem or the trace formula. 

The structure of the paper is the following. We start with general notation and auxiliary 
results (@. The hrst part of the paper (^© is devoted to the computation of the H- 
period of pseudo Eisenstein series. To that end we hrst study the double cosets P\G/H 
where G = Sp 2 „, H = Sp„ x Sp„ and P is a parabolic subgroup of G and single out the 
double cosets which ultimately contribute to the formula (^. We then study the main 
analytic object, namely the intertwining periods, their convergence and analytic properties 
(®])- The formula for the P-period of pseudo Eisenstein series is hnally derived in ^ 

In the second part of the paper (®^ we apply this formula to the study of the H- 
distinguished spectrum. We hrst dehne this notion (in a general context) and explain its 
relation to results of the hrst part (^. Then we analyze the pair (GL 2 n, Sp„) and provide 
complete results for this case (^. Finally, we explicate the results of ^ for the pair 
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(Sp 2 „, Sp„ X Sp„) to provide an upper bound on the distinguished spectrum in this case 
(^. We also exhibit in ^a lower bound for the distinguished spectrum by showing that 
it contains certain residual representations considered in |GRSn2] . 

Acknowledgement. Part of this work was done while the authors participated in the 
program “Research in Pairs” in the Mathematisches Forschungsinstitut Oberwolfach. We 
are very grateful to the MFO for providing ideal working conditions for collaboration. The 
hrst-named author was partially supported by a grant from the Minerva Stiftung. The 
second-named author was partially supported by grant ^ 1394/12 from the Israel Science 
Foundation. 


2. Notation and preliminaries 

2.1. General notation. Let F be a number held and A = Ap its ring of adeles. In 
general, if X is an algebraic variety over F we write X = X(F) for its F-points. For an 
algebraic group Q dehned over F we denote by X*(Q) the lattice of F-rational characters 
of Q. Let a*Q = X*(Q) M and let ag = Hom]R(aQ,M) be its dual vector space with the 
natural pairing (•, •) = (•, •)q. We endow Ug and Uq with Euclidean norms || ■ ||. We denote 
by Oc the complexihcation of a real vector space o. We also set 

Q(A)i = {g G Q(A) : Vy G X*(Q), |x(g)|^* = 1}. 

There is an isomorphism 

Hq : Q(A)i\Q(A) ^ ag 

such that = |x(g)|A*, X ^ Q ^ Q(A). 

Let 6q denote the modulus function of Q(A). It is a character of Q(A)^\Q(A) and 
therefore there exists pg G Og such that 

5g(g) = gGQ(A). 

Let G be a reductive group over F and Pq a minimal parabolic subgroup of G dehned 
over F. Fix a maximal F-split torus T of G contained in Pq and a maximal compact 
subgroup K of G(A) which is in good position with respect to Pq, so that the Iwasawa 
decomposition G(A) = Po(A)F holds. We use it to extend the map Hq = Hp^ : Po(A) —)■ 
Opp to a right F-invariant function on G(A). Finally, we also hx a Siegel domain &g for 
G\G(A) and let 6^ = ©g n G(A)i (cf. |MW951 1.2.1]). 

If is a compact subset of G(A) then we have 

(2) sup \\Ho{gx) - Ho{g)\\ = sup ||Fo(/ca;)|| < oo. 

x£Q,g£G{A) x&Q,k£K 

Let Tq be the split part of the (Zariski) identity connected component of the center of 
G. Applying the imbedding a: ha 1 (g) a: : M —)■ Foo = F (8 )q M A we imbed Tg(M) in 
Tg(Foo) ^ Tg(A) and denote by Ac the image of the identity component Tg(IF)° (in 
the usual topology) in Tg(A). Then Hq ■ Ac — >■ ac is an isomorphism. Denote by z/ h-)- 
its inverse. 
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It will be convenient to use the shorthand notation 

[G] = /IgG\G(A). 

More generally, if H is a subgroup of G defined over F then we set 


(3) 

Ag = AGnH(A) 

and 


(4) 

[H]g = A^H\B.{A) 


For n G M let GL„ be the general linear group of rank n. For a matrix g = {gig) G 
GL„(A) with g-^ = {{g~^)i,j) let 

ll^ll = I|£/||gl4a) 

V ~ ~ 

where the product (here and elsewhere) ranges over all places v of F. Similarly, if /c is a 
local held with normalized absolute value we dehne ||( 7 || = ma.xi<ij<n{\gi,j\k 5 
for any g G GL„(/c). (Note that we use the notation H-H in several settings. Hopefully this 
will be clear from the context.) 

Fix a faithful F-rational representation p : G —)■ GL.„ and dehne \\g\\p = 11^(5-)||gl„(a)- 
Often, we omit the subscript p if it is clear from the context. We record some standard facts 
about II'll. (See [MW951 Lemma 1.2.2] where the convention of H-Hp is slightly diherent, but 
this entails little change.) Henceforth, we use the notation A ^ B to mean that there exists 
a constant c such that A < cB. The constant c is understood to be independent of the 
underlying parameters. If we want to emphasize the dependence of c on other parameters, 
say T, we will write A <^t B. (We will suppress the implicit dependence on the group G 
and the representation p.) 

(5a) 1 IIpII for all g G G(A). 

(5b) \\9i92\\ -C || 5 ' i |||| 5 ' 2 || for all gi,g2 G G(A). 

(5c) 11 ^ 0 ( 5 ')II < 1 + fogllS'll for all 9 e G(A). 

(5d) fogll^ll < 1 + ||^o(^)|| for all g G 6g- 

(5e) IIpII -C || 7 p|| for any p G 6 g and 7 G G. 

(5f) There exists N such that llalHlpH <C for all g G G(A)^, a G Aq- 

Let E = R{T, G) be the root system of G with respect to T and Aq = the basis 
of simple roots with respect to Pq, viewed as a subset of Ug. For a G E we denote by a'^ 
the corresponding coroot. Recall that a standard (resp., semistandard) parabolic subgroup 
(defined over F) is one containing Pg (resp., T). The standard parabolic subgroups of G 
are parameterized by subsets of A^. A semistandard parabolic group P admits a unique 
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Levi decomposition P = M k U where M 3 T. We call these M’s semistandard Levi 
subgroups (or standard, if P is standard). 

For any standard parabolic subgroup P = M k U we have 

(6) ||m|| <C llmull for all m G M(A),m G U(A). 

(See proof of |LR03[ Lemma 6.1.1] or of jWal03( Lemme 11.3.1].) 

For a semi-standard parabolic subgroup P = M K U with semi-standard Levi subgroup 
M and unipotent radical U we have a*p = a^. If Q contains P then there is a unique Levi 
decomposition Q = L k V with L D M. Thus, then is a subspace of Om and there is a 
canonical direct sum decomposition (Xm = Ol © a^. The dual spaces satisfy the analogous 
properties. In particular pp = pq + Pp where pp G (0^)* is the unique element such that 
W(p) = p G (P n L)(A). 

Set Uq = Op and more generally, and similarly for the dual spaces. Set also 

Po = PPq- Recall that Hq : G(A) —)■ Oq is dehned via the Iwasawa decomposition. Similarly 
we can dehne Hp : G(A) —)■ ap = Um- We denote by : G(A) —)■ the composition 
of Hq with the orthogonal projection to and more generally, by : G(A) —)■ the 
composition of Hq with the orthogonal projection to a^. 

Henceforth, unless otherwise mentioned all parabolic subgroups and Levi subgroups of G 
considered will be implicitly assumed to be standard (and defined over F). 

For a Levi subgroup M of G the root system = R{T, M) is a subsystem of S. Let 
n Aq be the set of simple roots in M with respect to M O B. 

For a parabolic subgroup P = M t< U of G let Em = R{Tm, G) F a*M, Ep the subset of 
positive roots in Em with respect to P and Ap the non-zero projections to a*M of elements 
of Aq. For a G Em we write a> 0 ifaGEp and a < 0 otherwise. Once again we denote 
by the corresponding coroot (see [MW951 1.1.11]). More generally, if P F Q = L kV 
then we write Ap C Ap for the non-zero restrictions to a*M of elements of Ag . 

Let W = = Ng{T)/Gg{T) be the Weyl group of G with respect to T. (In the 

case where G is split, Gg{T) = T.) We assume that the hxed Euclidean structure on Oq 
is IF-invariant. We consider elements of W as C'G(T)-cosets in Ng{T). In particular, for 
tn G VF we write n E w whenever n G Ng{T) represents w. For a Levi subgroup M let 
mIVm be the set of w eW such that w has minimal length in W^wW^. For any Levi 
subgroup M' we write W{M, M') for the set of tn G IF of minimal length in wW^ such that 
wMw~^ = M'. We also write W{M) = UM'fF(M, M'). Note that if w G W{M,M') then 
w~^ E W{M',M) and if Wi G lF(Mi,M 2 ) and W2 E W{M2, M^) then W2W1 G W{Mi, M3). 
In particular, W{M, M) is a subgroup of IF, which we can identify with Ng{M)/M. 

For any Levi subgroups M O L we denote by Wm the element of maximal length in 
W{M) n IF'^. In particular, if M = Gg{T) we simply write Wq. 

2.2. Some auxiliary results. Let (F, Ij-H) be a Euclidean space and R > ft. We denote 
by Cr{V) the space of continuous functions / : F —>■ C such that /(u)e^ll®’ll is bounded. 
Clearly, Cp/(F) C CpiV) for R < R'. 
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For any r > 0 we denote by P^{V*) the space of holomorphic functions 0 on {A G : 
llReAll < r} such that 

sup |0(A)| (1 + ||A||)^ < oo, iV=l,2,... 

Aeyc*:||ReA||<r 

Later on we will also use the notation P^(y*] W) to denote the space of IF-valued func¬ 
tions satisfying the condition above, where hF is a hnite-dimensional vector space. It is 
isomorphic to P’^iV*) ®W. 

Lemma 2.1. The following conditions are equivalent for a smooth function f : V ^ C. 

(1) For all r < R and a differential operator D on V with constant coefficients Df G 
Cr{V). 

(2) For all r < R the function is a Schwartz function on V. 

(3) The Fourier transform 

/(A) = [ dv 

Jv 

of f admits holomorphic continuation to {A G : ||ReA|| < R} and belongs to 
nr<RP^{V*). 


Proof. The equivalence of the hrst two conditions follows from the elementary fact that all 
the derivatives of the function \/l + are bounded. 

If \ f{v)\ < and ||ReA|| <r' <r then 



/(T)e<^’">| dv<C [ dv < 

Jv 


oo. 


In particular, / is holomorphic for ||ReA|| < r and bounded for ||ReA|| < r'. Moreover, if 
all derivatives of / satisfy \Df{v)\ <^f^D then for any n 


/(A) (1 + 


is bounded for ||ReA|| < r' (since Df = Df and D is an arbitrary polynomial). Thus, the 
hrst property implies the third. 

Conversely, if / satishes the third condition then by Fourier inversion and shift of contour 


/(«) = [ |<iA| 

J Re A=Ao 

for a suitably chosen Haar measure and any Aq such that ||Ao|| < R. Let r < R. Taking Aq 
such that ||Ao|| = r and (Ao,u) = 7’||n||, and using the bounds on / we get 

|/(«)|«,,, e-’-M. 


Similarly for the derivatives of /. 


□ 
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Fix a parabolic subgroup P = M x U of G. For any / e we define 

»f'is)= Y1 geG(A). 

7ePonM\M 

Whenever convergent, Oy : Ag'U(A)M\G(A) ^ C is a right iF-invariant function satisfy¬ 
ing 6y{ag) = {g), a G Am- 

Lemma 2.2. For R sufficiently large, the sum defining 9^ is absolutely convergent for any 
f G Moreover, for any N > 1 there exists R and N' such that for any f G 

we have 

(7) sup \9y{mg)\\\m\y ^Nj \\g\y, ^ G G(A). 


Proof. The hrst part follows from |MW95i Proposition II. 1.10] (and will also follow from the 
argument below). The relation ([7]) is right-iF-invariant in g, and therefore we may assume 
that g G P(A). Write g = m'u' with m’ G M(A) and u' G U(A). Since 6^{mg) = 6^{mm') 
for all m G M(A) we may assume by (jH]) that g = m' ^ M(A). By a similar reasoning, 
using (l5fj) and flSc|) we may assume that g = m' ^ M(A)^, in which case we will show that 
we can take N' = N. Let m G and let 7 G M and mi G &\,j be such that mm' = ymi. 
By fl5e|) and fISbl) we have 

||m|| <C ||7“^m|| = ||mi(m')“^|| <C ||mi||||m'||. 

Therefore, since 6y{mm') = 9y{mi) it suffices to consider the case g = e, i.e., to show 
that for any iV 3> 1 there exists R such that 

sup \9y{m) \ \\m\y < 00 


for any / G C/j(ag ). This follows from the inequality 

(|Lapl3 Lemma 2.1]) and the fact that there exists Ni such that 


1 

M 


#{7eFonM\M: \\Hy{^m)\\ < X} <C (e^ + UmlD'^S X>0,mG6jv, 

(an easy consequence of [Art781 Lemma 5.1]) together with (l5d|) . □ 

The following standard lemma is a variant of |MW951 Proposition 11.1.10]. For conve¬ 
nience we include a proof. 


Lemma 2.3. For any N > 0 there exists R > 0 such that 

sup 10 ( 7 ^)I 11^1]^ < CX) 

9^&G 7GP\G 


and in particular. 


sup . E | 0 ( 7 ^)| < cx), 

!7eG(A) 
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for any function cf on y4G'U(A)M\G(A) satisfying 

(8) sup Sp{a)~^\(j){amk)\\\m\fe^^^^p^°''^^^<oo, t = 1,2,3... 

,aeAM ,keK 

Proof. It is enough to prove the lemma for iV S> 1. Let f{v) = for v G a^. The 

condition on (j) together with fl5^ implies 

\4>{3)\ ^t.R 9 e SmA-. 

It follows that 

l•#>( 9 )l«^,R e<'»'""<™»/(ff°(79)), geG(A). 

7 ePonM\M 

Therefore 

51 l•#>(^-9)l ««.s 55 9<'’”’"”‘™”/(^^„°(79)). 9 eG(A). 

7 GP\G 76 Po\G 

The lemma now follows from Lemma 12.21 with M = G. □ 

Let be the space of continuous functions ip on U(A)M\G(A) of moderate growth 

such that p>{ag) = for all a G Am, g G G(A). Denote by A^p{G) the subspace 

of Afi^{G) consisting of ip such that for all iV > 0 

sup \ip{mk) \ ||m||'^ < oo. 

m£6\j ,kGK 

For instance, it follows from |MW951 Lemma 1.2.10] that A^p{G) contains the space of 
smooth functions (p G Afi^{G) of uniform moderate growth such that m i—)■ 6p{m)~2ip[mg) 
is a cuspidal function on [M] for all g G G(A). 

For ip G Afi^{G) and A G a]b,c l^t 

Pxig) = 9 e G(A). 

Let w G W{M) and let P' = M' K U' be the parabolic subgroup of G such that M' = 
tpMtp'L For any ip G Aif,^{G) and A G the integral 

M(w, X)ip(g) = [ ipx(w~^ug) du 

Jv {A)nwU{A)w -1 \U' (A) 

converges provided that Re (A, a^) 3> 1, a G Ap (cf. proof of |MW95] Proposition 11.1.6]). 

For any i? > 0 let Gp(U(A)M\G(A)) be the space of continuous functions 0 on 
AgU(A)M\G(A) satisfying (jH]) such that (j){-g) is a cuspidal function on M\M(A) for 
all g G G(A). 

For i? S> 1 and any <p G Gp(U(A)M\G(A)) dehne 

Mg) = ^^^3) 

7 GP\G 
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which converges by Lemma [2731 For any A G cl*mc with ||ReA|| < R we write 

0 [A](^) da. 

J AqXAm 

We have 0[A] G A^p{G). 

Let C^(U(A)M\G(A)) be the smooth part of Gij(U(A)M\G(A)), i.e., the space of 
smooth functions (j) on U(A)M\G(A) such that X * 0 G Gij(U(A)M\G(A)) for all X G 
V{{q) (the universal enveloping algebra of the Lie algebra of G). Let 0 G G^(U(A)M\G(A)). 
Then 

(9) (j){g) = j 0[A]A(d) d\ 

d Ao+i(a^)* 

for any Aq G (Qm)* with ||Ao|| < R- Moreover, it easily follows from Lemma [2.11 (or more 
precisely, its proof) that for any R' < R and iV > 0 we have 

(10) sup |0[A](mfc)| (||m|| + ||A||)^ < cxo. 

meeL,fcGA,Ae(o^)J.:||ReA||<H' 

Thus, we may think of 0 G G^(U(A)M\G(A)) as a holomorphic map on {A G (a^)|^ : 
||ReA|| < i?} with values in A''p{G) satisfying flTUD . 

2.3. Symplectic groups. For n G M let 

SPn {9 ^ Gij2n ■ QJuQ Jn\ 

be the symplectic group of rank n where 

T — ( 0 w„\ 

•Jn — \ -w^ 0 ) 

and Wn = {6i^n+i-j) ^ GL„ is the permutation matrix with ones on the non-principal 
diagonal. Let * be the automorphism of GL„ given hj g eA- g* = Wng~^Wn- The imbedding 
g HA di&g{g,g*) : GL„ Sp„ identifies GL„ with the Siegel Levi subgroup of Sp„. 

Let B„ be the Borel subgroup of Sp„ consisting of upper triangular matrices. It has a 
Levi decomposition B„ = x N„ where T„ is the subgroup of diagonal matrices and N„ 
is the subgroup of upper unitriangular matrices in B„. The parabolic and Levi subgroups 
of Sp„ are parameterized by tuples of non-negative integers of the form 7 = (ui,..., r) 
where fc, r > 0, ui,..., > 0, and ni -|-r = n. Explicitly, to such 7 we associate 

the parabolic subgroup P = P.^ = M x U consisting of block upper triangular matrices in 
SPn where 

M = = {diag(5(i ,..., g^A, 9*k, ■ ■ ■, 9l) ■ h e Sp^, gi G GL„,, i = l,...,k}- 

In particular, Sp„ = P(;n) whereas P(n;o) is the Siegel parabolic subgroup of Sp„. 

We denote by 

= lm '■ GL„^ x • • ■ x GL^j, X Sp^ —)■ M 
the isomorphism defined by 

f'Migi, ...,gk;h)= diag( 5 (i ,... ,gk,h,gl,..., gl). 
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If r = 0 we simply write iMidi, ■ ■ ■, Qk)- Also, if M is clear from the context we will suppress 
it from the subscript. 

Let Sn = diag(l, -1,1,..., (-1)’^"^) e GL„ and = diag(^n, S*) G Sp„. 

2.4. The setup. From now on, unless otherwise specified, we fix n G N and let G = Sp 2 „, 
e = e 2 n and H = CG(e) — Sp„ x Sp„, the centralizer of e in G. (Occasionally, we will 
also use n as a running variable. Hopefully this will not cause any confusion.) We identify 
G/H with the G-conjugacy class X of e, a closed subvariety of G, via gii HG- geg L Note 
that X = G/H because the hrst Galois cohomology of H is trivial. 

We take Pq to be the Borel subgroup B = B 2 n = T x N where T = T 2 n and N = N 2 n- 
Note that 

T -[diag(cii, . . . , Cl2ni ^2n 1 ■ ■ ■ ) • 0,li ■ ■ ■ 1 Oi2n ^ 

and is naturally identihed with 

Let 7 = (ni,..., Uk] r) with rii + ■ ■ ■ + Uk + r = 2n. For M = M.^ the space ~ R^ is 
imbedded in ~ R^”' as elements of the form 

ni Uk r 

(Ai,..., Ai,..., Afc,..., Afc, 0,..., 0), (Ai,..., Afc) G R^. 

Under the identification ~ R^" we have S = {±6* ± ej : I < i, j < 2n} \ {0} 
where {e^ : 1 < f < 2n} is the standard basis of R^"". Also, Aq = {ai,... ,a 2 n} where 
oti = Ci — Cj+i, z = 1,..., 2n — 1 (the short simple roots) and a 2 n = 2 e 2 n (the long simple 
root). 


3. Double cosets 

In this section we study the double cosets P\G/H for any parabolic subgroup P of G. 
Equivalently, P\G/H parameterizes the P-orbits in X under conjugation. For g & G and 
a subgroup Q of G defined over F we denote by [g]Q the Q-orbit of g under conjugation 
and by = Cci{g) the centralizer of g in Q. 

Recall the following elementary result (e.g., |Hua48( Theorem 1]). 

Lemma 3.1. For any involution g & G there exists a unique decomposition 2n = p + q such 
that g G —Iq)]G, he., every involution in G is G-conjugate to L{Ip, —Iq) for unique p 
and q. Thus, two involutions in G which are conjugate in Gh^n are conjugate in G. 

3.1. Borel orbits. We start with the case P = B. 


Lemma 3.2. (cf. |Spr85[ Lemma 4.1]j The map [x\b Ng(T) Pi [x\b defines a bijection 
between the B-orbits in X and the T-orbits in Ng{T) n X . 

The crux of the matter is to show that NciT) fl [a;]^ is not empty. This is proved in 
|Spr85 Lemma 4.1] in the case of an algebraically closed field. However, the proof carries 
over verbatim to our case. See [LR031 Lemma 4.1.1] for more details. The fact that 
Ng(T) n [x\b is a unique T-orbit follows from the uniqueness in the Bruhat decomposition 
as in [LR03i Proposition 4.1.1]. That the map is bijective is now straightforward. 
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Recall that any involution w ^ W can be written in the form w = where 

(3i,..., (3r are pairwise orthogonal roots and S /3 G IR is the reflection associated to a root 
/d G S ( |Spr82| ). Moreover, 

( 11 ) r is determined by the conjugacy class of w. 

Let 

W = {w eW :wnx 

so that 

NG{T)nx = ]J wnx 

uigW 

Clearly W is a union of conjugacy classes of involutions in W. We can describe the set W 
explicitly. 


Definition 3.3. An involution w is called minimal if there exists a Levi subgroup M 
of G such that w = and wa = —a for all a G A^. 


Recall that every involution is conjugate to a minimal one (cf. |Spr85 Proposition 3.3]). 
For any A; = 0,..., n let Lfc = M( 2 (fc)_i( 2 n- 2 fe).o) be the Levi subgroup of semisimple rank 
k such that Aq'' = {ai, as ,..., a 2 k-i}- (Here is the r-tuple (a,..., a).) Note that 
is a minimal involution. Let Wfc be the conjugacy class of in W. 


Lemma 3.4. We have 


(12) Wfc = {s/ 3 i ■ ■ ■ spi^ : (3i,..., (3k are pairwise strongly orthogonal short roots} 
and 

n 

( 13 ) W = l[Wk. 

k=0 

Moreover, for any w G Wfc there are T-orbits in w AX. 

Proof. Note that Wg'' = SajSag • • • therefore every element of Wk is a product 

of reflections associated to pairwise strongly orthogonal short roots. We show by a simple 
induction on k that if /di, ■ ■ ■, (3k are pairwise strongly orthogonal short roots then S/jj • • • 
is IF-conjugate to Wg''. The case /c = 1 is immediate from the fact that W acts transitively 
on the short roots. For A: > 1, after conjugating we may assume without loss of generality 
that (3i = tti. The imbedding x 1 —)■ i{l 2 ,x) : Sp 2„_2 —t Sp 2 „ induces an imbedding of Weyl 
groups lF®P 2 n -2 ^ The image of this imbedding commutes with and, by strong 
orthogonality, contains sp^,..., sp^. The claim therefore follows by induction on n. 

This shows flT^ . The disjointness of the W^’s follows from flTT]) . To show flT^ it is enough 
to show that every minimal involution w G W is conjugate to Wq’’ for some A: = 0,...,n 
and that tCgn X 7 ^ 0 . 

Let L = M(^ni,...,nk-,r) be a Levi subgroup of G such that Wq G W is a minimal involu¬ 
tion. Note first that r = 0 since otherwise we would have an involution in Sp^ whose 
non-zero entries are on the non-principal diagonal, which is clearly impossible. Thus 
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... ,Wn^.) G Wq . It easily follows from the property WqU = —a, a G Ag that 
ni, ... ,nk < 2 and that Wq is conjugate to Wq*" where k = = 1, ..., fc : n, = 2}. This 

shows that W C Wfc. 

To show that U^^g Wfc C W it is enough to see that Wq'^ fl X 7 ^ 0. Note that 


w, 


ai,. .. ,ak e F*, bi,..., b 2 {n-k) = ±1, #{« : k = 1} = n - k}. 
Let a = (1 0 ) • For any subset A of {1,..., 2{n — k)} of size n — fc let 

1 i e A 
-1 i ^ A 


h = 


and 


TIa (Dj . . . 5 D, b\^ . . . , ^2(ri—/c))* 

Then ua G n X and flT^ follows. Furthermore every T-orbit in Wg n X contains ua 
for a unique subset A of size n — k. The Lemma follows. □ 


3.2. P-orbits. Consider now the case of a general parabolic subgroup of G. 

For any parabolic subgroup P of G with a given Levi decomposition P = M k U denote 
by pr^ : P —)■ M the projection to the Levi part of P. Assume for the rest of this section 
that P = M [X U is a parabolic subgroup of G. 

Recall that for any two (not necessarily standard) parabolic subgroups Qj, i = 1) 2 of G 
with Levi decompositions Q* = Lj x V*, pr^j(Qi fl Q 2 ) is a parabolic subgroup of Li. For 
w e mWm let 

P{w) = pr^(P n wPtc”^) = M n wPw~^. 

Then P fl tcPtc“^ = P(ic)(U fl tcPtc“^) and P(tc) is a standard parabolic subgroup of M 
with Levi decomposition 

P{w) = 'M{w) K U(tc) where M(tc) = M fl and ^{w) = M fl w\Jw~^. 

By the Bruhat decomposition, for G G there exists a unique element w G mWm such 
that PwP = PgP. Let p G P be such that g G pwP. Then 

P n gPg~^ = p(P n wPw~^)p~^. 

It follows that 

(14) P^mCP n gPg~^) = pr^(p)P(M;) 

In particular, the following conditions are equivalent 

(1) P^MiPAgPg-^) = M, 

(2) (PnpPp-i)U = P, 

(3) P(m;) = M, 

(4) M{w) = M, 

(5) lJ{w) = 1, 


14 


EREZ LAPID AND OMER OFFEN 


(6) WM C Ng(M). 

If these conditions are satisfied we say that g ^ G is M-admissible. This condition depends 
only on PgP. 

Lemma 3.5. An element g ^ G is M-admissible if and only if g E UNg{M)U. 

Proof. If G Ng{M) then clearly M O P n gPg~^ and therefore pr^(P fl gPg~^) = M. 
Since M-admissibility depends only on PgP it follows that every element of UNg{M)U is 
M-admissible. Conversely, suppose that g is M-admissible and let w E m^m be such that 
PgP = PwP. Then w C Ng{M). Let Ui, U 2 E U, n E w and mi, m 2 E M he such that 
g = uiminm 2 U 2 . Then g E uinMu 2 . □ 

Lemma 3.6. (cf. |LR031 Proposition 4.2.1]j Let x E X and let w E mWm be such that 
PxP = PwP. Then wM{w) fl [x\p is non-empty. 

Proof. Since w is reduced and PwP = PxP = {PxP)~^ = {PwP)~^ it follows that w"^ = 1. 
Let w' eW he an element of minimal length in the image of [x]p fl Ng{T) (a non-empty 
set by Lemma 13.21) under the natural map Ng{T) -e W. Then w' is an involution such 
that Pw'P = PwP and therefore there exists a reduced expression w' = wiw"ww 2 with 
wf^, W 2 E both left M{w)-Teduced and w” E Such a decomposition is unique. 

Since both w and w' are involutions we also have w' = wf^w{w'')~^wf^. It follows from 
the uniqueness of the decomposition that W 2 = wf^. Thus, w"w is IT^-conjugate to 
w' and hence from the dehnition of w', w''w also has a representative in [x]p fl Nq{T). 
The minimality of w' and the fact that wiw''ww 2 is a reduced decomposition implies that 
w' = w''w. This shows that there exists y E [x\p fl M{w)w as required. □ 

Lemma 3.7. (cf. |LR031 Proposition A.2.2]) Let w E m^Vm and x E wM{w) flX. Then 
U(r(;) is a normal subgroup of^iji^fP^) contained in prj^^(R(a;)) where R(a;) is the unipotent 
radical of P. 

Proof. As in the proof of Lemma 13.61 we have w"^ = 1. Note that Pa; P P H xPx~^ = 
P n wPw~^ (since x E wM{w)) and therefore prj\^(Pa;) C P(ia). Since U(r(;) is normal in 
P(r(;) it is enough to show that U(tc) C prjy^(R(a;)). 

Note that P fl xPx~^ = M(r(;) k Z is a Levi decomposition where Z = U(tc)(U fl 
tcPw”^) = U(tc)(UntcMtc“^)(UntcUry“^) and we have a:M(tc)x = M(tc) and xXx = Z. 
It follows that Pa, = M(tc) 3 . K Zj, and that R(a;) = Zj,. 

Let u E U(ta) and let v = xux. Then v E UritcPw”^ C Z and (since m G M and n G U) 
also u~^vu E U. Therefore the commutator z := G U. Thus, xzx = = 

z~^ G U and therefore 2 ; G U' := U fl w\5w~^. Thus, 2 ; satishes the cocycle condition 
z6{z) = 1 with respect to the involution 6 {g) = xgx on U'. Since U' is a unipotent group 
we have = 1, i.e., 2 ; must be a co-boundary. There exists therefore u' E U' 

such that 2 : = u'9{u')~^. Note that this means that v~^u~^xuxu = u'xu'~^x, i.e., that 
uvu' G Za;. But vu' E U and therefore pij^iuvu') = u. The Lemma follows. □ 

Let X E X. Recall that prjy^(P flxPa;"^) is a parabolic subgroup of M. Let U(a;) be its 
unipotent radical and as before let R(x) be the unipotent radical of P^,. 
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Lemma 3.8. Let x ^ X. 

(1) The kernel o/pr^^ : Pj; —)■ M is contained in R(x); 

(2) U(a;) is a normal subgroup o/pr^(Pj;) contained in pYj^{Il{x)); 

(3) Letx be a character of Pxi^y\Pxi^)- Then for every function f : U(A)M\P(A) ^ 
C such that 

/ fiup) du = 0, p G P(A) 


we have 


'U(x)\V{x)(A) 


' Px\Fx 


f{p)x{p) dp = 0 


(provided that the integral converges). In particular, 

f fip)Sf^{p) dp = 0. 

JPx\Px{A) 

Proof. Since the kernel of : P^; —)■ M is contained in U, it is a unipotent normal 
subgroup of Pa;. Part ([T]) follows. Let w G mWm be such that PxP = PwP and let 
p G [xjp n M{w)w (which exists by Lemma [3.6p . Let p G P be such that x = pyp~^. Then 

prj\^(Pa;) = pr^(p)pr^(Pj^)pr^(p)“^ and R{x) = pK{y)p~\ 

Note further that P fl xPx~^ = p(P fl ?/Pp“^)p“^ and therefore 

pr^(P n xPx~y = vym{p) PrM(P n yRy~y pr^(p)"b 

Part ([2]) therefore follows from Lemma 13.71 

Let S = prj\^(Pa;). Clearly R(x)(A) C Pa,(A)\ R(x) being a unipotent group. Therefore, 
by part ([T]) y induces a quasi-character 5 : S'\S(A) —)■ C*. By the invariance properties of 
/ we have a normalization of measures such that 


' Px\Px 


/(p)x(p) dp = 


'S\S(A) 


f(s)S(s) ds. 


From part ([2]) U(a;) is a normal unipotent subgroup of S. Therefore we have 


IS\S{A) 


f{s)6{s) ds = 


lv(x)(A)S\S{A) 2[U(x)] 


f{us) du 6{s) ds. 


Part ([3]) follows. 

Lemma 3.9. For x G Ng{M) D X we have Px = x 


□ 


Proof. This follows from the fact that 

p n xPx~^ = M X (u n xiJx~^) 

is a Levi decomposition which is invariant under conjugation by x and P^, = (PnTPa:”^)^;. 

□ 


We now describe explicitly the M-admissible P-orbits in X. 
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Lemma 3.10. The map [x\p i—)■ [x]p fl Ng{M) is a bijection between the M-admissible 
P-orbits in X and the M-orbits in Nq{M) n X. 

Proof. Let a; G X be M-admissible and let w G mWm be such that PxP = PwP. From the 
dehnition of M-admissibility it follows that wM C Ng{M). It also follows from Lemma 
13.61 that without loss of generality we may assume x G wM. Let y G [x]pnNG{M). Recall 
that Ng{M) is the disjoint union of Ma over all a G mWm such that aMa~^ = M and 
G is the disjoint union of PaP over all a G mWm- Since [y]p = [x]p C PwP, it follows 
that y G PwP fl Ng{M) = Mw, i.e., Mx = My. Let n G [x]p fl Ng{T). Then since 
PwP n Ng{T) C Mw we see that n G Mw, i.e., xn~^, yn~^ G M. 

Let p = mu G P be such that x = pyp~^, with m & M and u E U. Then 

(15) xn~^ = p{yn~^){np~^n~^). 

In particular, np~^n~^ G P and therefore p G P H n~^Pn = M{U H n~^Un), i.e. u G 
U r\n~^Un. It follows that pij^{np~^n~^) = and therefore applying pr^ to ([TB]) 

we get 

xn~^ = m{yn~^){nm~^n~^). 

Therefore x = mym~^. This shows that [x]p hA [x]p n Ng{M) is a well-dehned map from 
M-admissible P-orbits in X to M-orbits in Ng{M) n X. It is clearly injective, and it is 
surjective from the dehnition of M-admissibility. □ 

Next we analyze the M-orbits in Ng{M) fl X. Recall that W{M,M) is a subgroup of 
W which can be identihed with Ng{M)/M. We denote the resulting isomorphism by im '■ 
Ng{M)/M ~ W{M, M) ^ W (which we also view as a homomorphism Ng{M) —)■ W). 
The following dehnitions are given in |LR03] . 

Definition 3.11. We denote by W{M, M )2 the set of involutions in W{M,M). An el¬ 
ement w G W{M,M )2 is M-minimal if it is of the form w^ for some Levi subgroup L 
containing M and w^ acts as —1 on a^. 

Lemma 3.12. f [LR031 Corollary 3.3.l]j. For every w G W{M, M )2 there exists a Levi 
subgroup M' and a G W{M,M') such that awa~^ G W{M',M ')2 is M'-minimal. 

Let 

WM = {we W{M, M) : wM n X ^ 0} C W{M, Mja 

so that 

(16) XG(M)nX= ]J wMnX 

w&Wm 

In other words Wm = ^MiNGiM) fl X). 

It is immediate from Lemma fd. 101 that x G X is M-admissible if and only if PxP = PwP 
where w G Wm- 
It is also clear that 

(17) if w G Wm and a G W{M, M') then awa~^ G Wm'- 
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Definition 3.13. A pair (M, L) of Levi subgroups with M L is called standard relevant 
if M and L are of the form M = and L = M(^ 2 ri,..., 2 rk,su...,si-,v) 

(with k, I, m, u or V possibly zero) where ti, ... Am are even and v = u + ti + ■ ■ ■ + tm- 
Thus, 

Ml M2 Afs 

M ~ X X ■ ■ • X GL^j^ x GLr^ x GL^^ x ■ ■ ■ x GL^, x GL^^ x ■ • • x GL^^ x Sp„, 
and 

Li L2 L3 

. -^ ^-V 

L ~ GL 2 ri X • • ■ X GL 2 rfc X GL^j X ■ ■ ■ X GLs( x Sp^ 
with Ml C Li, M 2 = L 2 , M 3 C L 3 . 

For instance, the standard relevant pairs {M,L) with M = T are (T, M( 2 (fc)^i( 2 n- 2 fc).o)), 

k = 0 ,... ,n. 

More generally, a pair (M, L) consisting of a Levi subgroup M and a semistandard Levi 
subgroup L containing M is relevant if there exists w G W{M) such that {wMw~^ ,wLw~^) 
is a standard relevant pair. 


Lemma 3.14. Let M L be Levi subgroups of G. 

(1) Assume that G Wm is an M-minimal involution. Then there exists a G 

W{L) n such that {aMa~^, aLa~^) is a standard relevant pair. In par¬ 

ticular, (M, L) is a relevant pair. 

(2) If (M, L) is a standard relevant pair then G Wm is an M-minimal involution. 


Proof. For the first part, assume that G Wm is M-minimal. Write 


■M ~ GLj^j X ■ ■ ■ X GLj^^ x Sp^ 


and 


L — GLjfjj X • • • X GLjfjj^ x Sp„ . 

The inclusion M <T L implies that {1, 2,..., a} can be partitioned into sets Si,..., Sb, R 
such that Si < < r for every i <h — 1, Si & Si, Sj+i G S'j+i and r E R, J2s&Si = nxi 

and V = u + W- If |>S'j| > 2 for some i then it is easily observed that w(h does not act 

as —1 on Therefore the M-minimality of implies that |S'i| < 2 for alH = 1,..., 6 . 
Note further that the M-admissibility of implies that if Si = {s, s -|- 1} then Ug = n^+i. 
To any permutation a of {1,...,6} corresponds a unique element (that we still denote 
by a) of WiL) fl fF^( 2 «;o) that aLa~^ = M(m , m ,, -y). If k is the number of 

indices i such that l^il =2 let a be such that | = 2 if and only if i = 1,... ,k. Then 

aw^a~^ = w((j, where {M',L') = {aMa~^,aLa~^) has the form 


Ml 


M' = GL,., X GL,., X • ■ ■ X GL,., x GL,., 


X GL 


M 2 


Ms 




X ■ ■ ■ X GLs, X GLt^ X ■ ■ ■ X GLt^ x Sp^ 


and 


L' 


Li 


1/2 


GL2ri X • • ■ X GL2r'j, X GL^j^ X 


X 


GL,, X 
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Assume now further that G Wm- It follows from (1T7|1 that G Wm'- Recall the 
elements of GL„ dehned in ^ Write = diag( 7 i,... , 7 ^, 7 ) where 7 * G {±5si} 

and 7 G {±5^} and let (3 = diag( 7 , 7 *) G Sp„ (in fact (3 G {±e„}). Let 




where 


rii = 


7i\ 


Str, 


-St 


V ■ / 

Then uq G wl^,. Therefore, there exists m = bi,..., ak, hk, ci,..., q, di,..., dm] h) G 

M' (with tti, bi G GL^i, Q G GL^., di G GL^. and h G Sp^) such that mriQ G X. In 
particular, (mrio)^ = I in and therefore 


( 0 

\-dtst. 0 ) 


^2ti 7 


i.e., —{di6t^){di6tj* = hi- In other words Wt^di6t^ is a non-degenerate skew-symmetric 
matrix and therefore ti is even. This shows that (M', L') is a standard relevant pair. Part 
([T]) follows. 

For the second part, it suffices to note that uq E X. This follows for instance from 
Lemma [TT] and the fact that as an element of GL 4 „, the dimensions of the ±l-eigenspaces 
of no coincide. □ 


Lemma 3.15. IFe have 

Wm = : {M',L') is a standard relevant pair and a G W{M',M)}. 

Proof. Let w G Wm- R follows from Lemma 13.121 that Wi = aiwaf^ is Mi-minimal for 
some (Ti G W{M) where Mi = and from ffT7|) that Wi G Wmi- R now follows from 

Lemma [3.141 ([1]) that a 2 Wiaf^ is of the form w^, for some a 2 G W{Mi) and a standard 
relevant pair (M',L'). It follows that w = aw^,a~^ where a = G W{M',M). 

The other inclusion follows from (fTTD and 13.14l ([ 2 ]). □ 

Let M be a Levi subgroup of G and x G Ng{M) fl X. The group Ng{M)/M acts on 
and in particular, x acts as an involution on and decomposes it into a direct sum 
of the ±l-eigenspaces which we denote by (cIm)x ■ similar decomposition applies to 
the dual space Um = (nM)^ ® •) ®^ch a; let L = L(a;) be the intersection 

of all semistandard Levi subgroups containing M and x. Then L is a semistandard Levi 
subgroup and we have (cIm)x = ^r equivalently, (cIm)^ = (W |Art82a( p. 1299]). 

Definition 3.16. With the above notation we say that x is M-minimal if L{x) is standard. 
Similarly, we say that x is M-standard relevant if the pair {M,L{x)) is standard relevant 
(see Definition \d.ld\} . 
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Remark 3.17. If w = im{.x) G Wm then L{x) and the above decomposition of depend 
only on w. Furthermore, x is M-minimal if and only if w is an M-minimal involution, in 
which case w = 

Corollary 3.18. Let M he a Levi subgroup of G and x G Ng{M) fl X. Then there exists 
n G NciT) such that nMn~^ is a Levi subgroup of G, nxn~^ is nMn~^-standard relevant 
and L{nxn~^) = nL{x)n~^. 

Proof. Let w = im{,x) G Wm and let {M',L') be a standard relevant pair and a G 
W{M, M') be such that w = a~^w^ia, as in Lemma 13.151 Let n & a and set x' = nxn~^. 
By dehnition x' is M' = nMn“^-standard relevant. Note that (om)^ = 

(om)^ = o'{{aM')fi) and therefore also L{x') = aL{x)a~^ = nL{x)n~^. □ 

Recall the notation ()5|1. 

Lemma 3.19. For every x G Ng{M) Pi X the restriction of Hm to Ma.(A) defines a 
surjective homomorphism 

Hm '■ M3;(A) —(aM)^- 

Moreover, the restriction of Hm to defines an isomorphism 

Hm ■ A^^ —)■ {aM)t- 

Proof. The second part follows from the fact that xe'^x~^ = for any z/ G Um- The 
hrst part follows from the second part and the fact that Hm(^x{H)) C (aM)t, since 
HM{xmx~^) = xHMijn) for any m G M(A). □ 

In view of Lemma 13.191 for any x G Nq{M) fl X let G t)e the unique element 

such that 

(18) = (5p^(a)5p(a)“2 or equivalently 5p^{a) = a E A^^. 

Note that px depends only on [x\m- 

Remark 3.20. The vector px (with a slightly different convention) was encountered in the 
setup of |Off06a] . It does not show up in the cases considered in |LR03] by [ibid.. Proposition 
4 . 3 . 2 ]. Note that in our case 6p^ is non-trivial, in general, on Ma;(A) nM(A)^. In other 
words we will not necessarily have 6p^{m) = e’^P^+pppMim)) ^ ^ Ma;(A). This is in 

contrast with the cases considered in [LR03j and [OffOGaj where M 3 ;(A)nM(A)^ = M 3 ;(A)^. 

Lemma 3.21. Suppose that x G Ng{M) H X is M-minimal and let L = L(a;). Let 
Q = L K V be the parabolic subgroup of G with Levi subgroup L. Then U^; = V^. and 
therefore = ^p.- 

Proof. Let Ul = L fl U be the unipotent radical of the parabolic subgroup Pl := L fl P 
of L (with Levi subgroup M). Then U = Ul x V. Note that x E L and therefore 
xXx~^ = V. On the other hand, since x E WmM we have xUlt”^ = Ul* (the image of 
Ul under transpose). It follows that if n = U 1 U 2 E \Jx with ui E Ul and U 2 E X then 
xuix~^ = uxuf^x~^ E Ul^OU = 1 and therefore ui = e and u E Xx- Thus, U^, = V^,. By 
Lemma [3.91 we now have P^, = M^, ix V^, whereas Qa, = Lj, ix V^,. The rest of the Lemma 
follows. □ 
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3.3. Orbit representatives. Our purpose here is to give an explicit description of the 
hbers of M-orbits [x\m with x G wM flX that lie over an M-minimal involution w G W^. 
For each such orbit we choose a convenient representative x and explicate the centralizer 
M,. 

Suppose first that (M, L) is a standard relevant pair and use the notation in Definition 
13.131 Let X G w^M O X C L and write 

X = l{Xi,X2;X3) 


where 




with Hi G GL^., 


X2 = diag(2;i, ...,zi)eL2 

with Zi G GLsi which is GL^.-conjugate to diag(Jp., —/qj for some decomposition Pi+Qi = Si 
and X 3 G L 3 is of the form 


( 

\ -al / 

with Qi G GL^. such that tct-aj is anti-symmetric and h G Sp„ is an involution. We have 


Mx — ^((dLi)a;j, {M2)x2') {M3)x^). 


Note that is the product of GL^., i = 1,... ,k embedded in GL^. x GL^y (^ 2 ) 0:2 

is the product of centralizers of involutions in GL^., i = 1,... ,1; (^ 3 ) 3.3 is the product of 
symplectic groups in GL^., i = 1,... ,m and a centralizer of an involution in Sp„. More 
explicitly, 

{Mi)x, = {diag(^i, 2 /fVl/i, • • ■, 9k,yk^9kyk) ■ 9i e GL^J. 

Note that after conjugation by an element of Mi we may assume that yi = 1^, i = 1,..., k. 
Similarly, 

{M2)x2 = diag(GGL,3 (d), • • •, Ggl,, (^z))- 
After conjugation in M 2 we may assume that Zi = diag(Jp., —/gj and then 


G, 


GL, 


(;,) = GLp, X GL,., 

Finally, 

(M3)^3 = L{Sp{wt,ai), ..., Sp{wt^am)-, Csp^{h)). 

After conjugation in M 3 we may assume that a* = diag(/t./ 2 , —G/ 2 ), he., Wt^ai = Jt ^/2 
and by Lemma IXTl that h = L{Ip, —Ig) for some decomposition u = p + q such that (since 
^ e [ejc) 


i i 

P + ^Pi = + 

i=l i=l 


( 19 ) 
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To summarize, for x G wj^MOX (or M-orbit [x]m ^ flX) we associate the data 

(20) P = 


satisfying and such that u = p + q and Sj = Pi + Qi, i = I,... ,1. We further choose 
a convenient representative Xp G [x]m as follows. For integers s,p, g write d2s = 

and dp^q = ^ For a = (ri,...,rfc) let = diag((^°^ For 

13 = (pi,gi,...,pz,gi) let = diag(/p,,-Jg,,..., 4 ,-4). For 7 = (ti,..., g) with 
ti even let 


/ 


1 


= 


\ 


dt-n 


du 


Vdti ■ 

Xp 1 /^, 


/ 


( 21 ) 

We set 
Let 

H.y ■ ■ ■ 1 

where FTp.g = C'sp„(4,q) ^ Spp x Sp^ Sp^. We have 

= iL{GL^„ ..., GLp, x GL,,,..., GL^, x GL,,; 4 ) 
where GL^ = {diag(g,g) : g G GL^} and 


4p — I'liCri, • • • , Gr-J., GLp^ X GLqj, . . . , GLp^ X GLq7 (Spj,)2^) 
where Cr = {{l^) ^ GL 2 r : a, b & Mat^xr}- Note that for 

(22) p,:={lX) 

we have 

pZCrVr = {(^ 42 ) ■ 9i, 92^ GLJ. 

Gonsider now, more generally, a Levi subgroup M' of G and w G Wm' an M'-minimal 
involution. Let L' be the Levi subgroup containing M' such that w = w^,. By Lemma 
13.141 ([T]) there exists a G W{L') fl such that {M,L) = {aM'a~^,aL'a~^) is a 

standard relevant pair. For (M, L) we use the notation of Definition 13.131 Let h = I + k 
and (mi,..., rrib) = (2ri,..., 2rfc, Si,..., Si) so that L = As in the proof of 

Lemma [ 3 .141 we may view a as a permutation of {1,..., b} and L' = 

Let m = mi + • • • + rrib. There is a unique permutation matrix no G GL^ such that 
no diag(g^-i(i),..., 9a-^{b))no^ = diag(gi, ...,9b) whenever G GL„,,, i = l,...,b. Then 
n = L{no', l 2 v) £ <T and therefore {M,L) = {nM'n~^,nL'n~^). Furthermore, the map 
X ^ x' = n~^xn : w^M fl X —>■ w^,M' fl X is a bijection that maps [x]m to [x']m' and 
M'^, = n~^Mxn. 
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Let Xp = n ^Xpn. Then the different M'-orbits in w^,M' n X are precisely [x'^m’ for 
data p as in (1201) satisfying (IT^ . We further have 

(23) H^) 

where Ai is the subgroup of GL^ _i,., given by 

£7 (l) 



z = l,...,/c 

\GLp^_,xGL,^_, ^ = k + l,...,b 

and 


where 



= 


Cn i = 1,.. .,k 

Ghp._^ X z = /c + 1, . . . , fe. 


3.4. Exponents. Let M be a Levi subgroup of G and x G Nq[M) fl X. Recall that 
Px = Mx X Ux (Lemma l3.9|l . We study the modulus function 5p^. 

Let M' be a Levi subgroup of G, x' G Ng{M') fl X and L' = L{x') (a semistandard 
Levi subgroup of G). By Corollary 13.181 there exists n G Ng{T) such that M = nM'n~^ 
is standard, x = nx'n~^ is M-standard relevant and L := L{x) = nL'n~^. Recall further 
that (aM)x = '^((‘^mOx') (aM)^ = '^((cim')x')- W^e keep using the same notation as in 

g331 In particular M = and p = {pi, Qi, ■ ■ ■ ,Pi, qi;p, q) is the 

data associated to x by fl20l) . Under the natural identihcation Um — we have 

m 

(24) (cim)^ = = {(Ai, Ai,..., Afc, Afc, pi,..., /X;, 0...., 0) : Ai,..., Afc, pi,..., p/ G M} 

and 

i 

{o.m)x = = {(Al, —Ai, . . . , Afc, —Afc, 0. . . . , 0, Pi, . . . , Prn) ■ Ai, . . . , Afc, Pi, . . . , ^ IR}- 

Let P = M X U be a parabolic subgroup of G and let a G Ap. Denote by Sa G W{M) 
the elementary symmetry associated to a as in |MW951 §1.1.7]. 

We define a directed edge-labeled graph 0 in the spirit of |LR031 §3.3] as follows. The 
vertices of 0 are pairs (M, x) where M is a Levi subgroup of G and x G Ng{M) fl X. The 
(labeled) edges of 0 are given by {M,x) {M',x') provided that: 

(1) a G Ap, 

(2) Ha G Sq-M, 

(3) xa 7 ^ ±a, 

(4) M' = SaMs~^ = naMn~^, 

(5) x' = naxn~^. 
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We will write {M,x) \ if {M,x) —^ {M',x') and to; < 0 (but xa ^ —a). Note 

that if {M,x) —^ {M',x') then also ^ (M,x). Moreover, either (M,x) \ 

Tla 

(M',x') or (M',x') \ (M, x) but not both. For a hnite sequence of edges 

(M, x) = (Ml, xi) ^ (M 2 , X 2 ) ^ ^ (M,+i, x,+i) = (M', x') 

in & we will write (M, x) A (M',x') where n = ... Uaj G G. Note that n conjugates 

n 

(M, x) to (M',x'). Similarly, we write (M, x) j, (M',x') if there exists a hnite sequence 

TIcl-^ ^ot2 

(M,x) = (Mi,xi) \ (M 2 ,X 2 ) \ ••• \ (Mfc+i,Xfc+i) = (M',x'). 

ria 

Lemma 3.22. Suppose that (M, x) and (M',x') are vertices in 0 and (M, x) \ (M',x') 
/or some a G Ap. Let Q = L K V &e the parabolic subgroup of G containing P such that 
Ap = {a} and let P' = M' k U' be the parabolic subgroup of Q such that Ap, = {—ScCr}. 
Then 

(1) Vp = ?7,Q,Ua,n“^ and in particular C U(,,. 

(2) We have the following short exact seguence of subgroups normalized by M(,, 

-1 




U(,, ^ L n U' 


(3) For any function f on V(A)\U'(A) we have 


/n„U,(A)n-l\U' ( 


f{u) du = 


/V(A)\U'(A) 


f{u) du = 


1 . 


' (Lnu' 


f(u) du 


(26) 


(whenever the integral is defined). 

(4) naPxn~^ C P(,, and a semi-invariant measure on naPx{A)n~^\Pp{A) is given by 
integration over nQU3;(A)?7,“^\U(,,(A). 

(5) We have 

^pA^) = Ap'^ ^ Ma,(A) 


and 


(26) Ap^SpJim) = {Sp,^Sp^^){namnA), m G Ma-(A). 

In particular, 

(27) Papx Px'• 

Proof. The hrst four parts are proved exactly as |LR031 Lemma 4.3.1]. We omit the 
details. Moreover, as in the proof of [LR031 Proposition 4.3.2] the relation fl2^ follows 
from part ([2]). It is also observed in the proof of [ibid.] that SaPp + ‘2p% = pp> and 

therefore 6p^{m) = {dpi6pinL){namnA)- The identity fl26|) follows. Finally, the identity 
fl27|l follows by restricting fl26|) to ■ 

A straightforward consequence of the lemma is 


□ 
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Corollary 3.23. Suppose that {M,x) r\ in 0. Then 

{hp'^6pj{m) = (5p,^5p/J(n?7m“^), m G M3.(A). 

In particular, npx = Px' ■ 

Using [LR031 Lemma 3.2.1 and Proposition 3.3.1] we get: 

Corollary 3.24. Let M he a Levi subgroup of G and x G Nc{M) flX. Then there exists 

n 

n E G such that M' = nMn~^ is standard, x' = nxn~^ is M'-minimal and (M, x) f 
(M', x'). Therefore, 

{dp'^6pj{m) = {Spf6pi^^){nmn~^), m G M3;(A). 

In particular, np^ = Px' ■ 


3.5. Cuspidal orbits. The following definition will be central for the analysis of periods 
of (pseudo) Eisenstein series. 

Definition 3.25. Let M be a Levi subgroup of G, x E Ng{M) HX and L = L{x) (a 
semistandard Levi subgroup of G containing M). We say that x is M-standard cuspidal 
if (M, L) is a standard relevant pair such that in the notation of Definition \3.13\ n = 0 
(i.e., L C M( 2 n;o)j and there exists 0 < li < I such that Si,... ,sp are even and Si = 1, 
h-\-l < i < I and moreover the data p associated to x by fl2U]) satisfies Pi = qi, i = 1,... ,li. 

More generally, we say that x is M-cuspidal if there exists n E NciT) such that nMn~^ 
is a standard Levi subgroup of G and nxn~^ is nMn~^ -standard cuspidal. 


Remark 3.26. Suppose that x is M-cuspidal and M-standard relevant (see Definition 
\3.16\) . Then M = Sj is either even or 1 for every j = l,...,l 


and X E Ng{M) X is M-conjugate to t ((, hi) where hj = 


0 Ir 


,'/2 


,V2 


) if Sj is even and hj = ±1 if Sj = 1. (Clearly, ( 


,'/2 


,'/2 


) is GLs^-conjugate to 


diag(A^./ 2 ,-A,V 2 )-y> Moreover, 

#{j : hj = 1} = #{j : hj = -1}. 


Denote by 0cusp the full subgraph of 0 whose vertices are (M, x) where x is M-cuspidal. 
Note that 0cusp is a union of connected components of 0. We will explicate the graph 
0cusp and the elements px where {M,x) is a vertex in 0cusp- 

Lemma 3.27. Any connected component of & cusp contains a vertex {M,x) such that x is 
M-standard relevant. 


Proof. Let {M,x) G 0cusp- By Corollary 13.241 we may assume that x is M-minimal. Let 
7 = (rii,..., rifc; 0) be such that M = and assume that (rij-i, rij, Uj+i) = {s,r,r) for 
some 1 < i < k and that x has the form x = i{xi,X2,xz) where x\ E GL„j+...+„._ 2 , 
Xs G GL„,_^2+-+nfc and 

X2= 0 y') , with y E GL^, h E GL^ and h E [(if s is even. 

\ 0 y ^ 0 / ' ^ 
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Let 

i = (ni,... ,ni_ 2 ,r,s,r,ni+ 2 , • • • ,nfc; 0 ) and 7 " = (ni,..., r, r, s, • • ■,nk; 0 ). 

Let a G Ap^ be such that Uq, = (j^ g''),G s^Mg, and similarly, let 

/3 G be such that (£ g"), 4 ,_^ 2 +-+nfc) ^ s^My. Set t' = n^xn-^ 

and x" = njsx'up^. It is easy to see that {M,x) {My^x') —^ {Myi,x") and x" = 

L{xi,y 2 ,X 3 ) where 

/ 0 y 0 \ 

1/2 = 0 0 

Vo Oh/ _ _ 

is M^//-minimal. The Lemma therefore follows from the analysis of ^3.31 Remark 13.171 and 
Lemma 13.141 ([T]) . □ 

We will reduce the computation of px to the case where x is M-standard cuspidal. 

Indeed, 

Lemma 3.28. Let {M,x) G 0cusp be such that x is M-standard relevant. In the notation 
of Remark \3.26\ assume that j G {1,...,/ — 1} is such that exactly one of Sj and s^+i is 
even (and the other equals 1). Let a G Ap he the projection to of the simple root at 
where t = 2(ri + • • • Tr^) + si + • • • + Sj. Let G s^M and x' = n^xn^f. Then SaPx = Px'- 

Proof. By symmetry, without loss of generality, we may assume that Sj is even and Sj+i = 1. 

Since the result depends only on the M-orbit of x we may further assume without loss of 
generality that x = i((^g^),...,(^^ o''), hi,..., hz) in the notation of Remark 13.261 
Let P' = M' x U' and Q = L x V be the parabolic subgroups of G such that 
M' = P C Q and Ap = {a}. Since Q^, = Lj, x Vj. and similarly for x' (Lemma 

ESD we have U^, = V^, x (U^, n L) and U(,, = Yx' x (U(,/ n L). Thus, SpJ-pyA)nL{A) = 
^P:^nL<^Q^|Px(A)nL(A) and 5p^Jp^,(A)nL(A) = <5p^,nL<^Q^/|p^,(A)nL(A)- Also (5p|p(A)nL(A) = 5pnL^Q|p(A)nL(A)- 
Note that noYnjj} = V and V^,/ = naYxWj}. Thus, 

dQ{nJn~^) = 6 q{1) and 6 Q^,{nJn~^) = 6 q^{1), I G Px(A) n L(A). 

Thus, it suffices to show that 

_i _i 

(28) (<5pnL^P.nL)(a) = {SpInL^p^,nL){naan-^) 

for a G Recall that 

FnL = M X (t/nL), P'nL = M'X (f/'nL), 

PxHL = Mx t< {UxO L) and Pp n L = M', x ([/', n L). 

Let L = l{Li, L 2 , L 3 ) where L 2 = GLs^.+i and Li (reps. L 3 ) is the corresponding Levi 
subgroup of GLe (reps. GL/) where we set e = 2(ri + ■ • • + r^) + si + • —h Sj-i (resp. / = 

Sjp 2 + • • • + Si). Accordingly, x = l{xi,X 2 ,X 3 ) with Xt G Li and P fl L = l{Pi, P 2 , P 3 ) 
where Pi = Mi k Ui is the corresponding parabolic subgroup of Lj, i = 1,2,3. Thus, 

M = i(Mi, M2, M3) and PflL = i{Ui, U2, U3). In particular, M2 = GL^^, x Ghp Note that 
P' n L = l{Pi, P2, P3) where P2 = M^ x U2 is the parabolic subgroup of GL^^.+i of type 
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We have = t(-Di, D21 -D3) where Di = and in particnlar, D2 = diag(Cs^., GLi) 

(see ^ 3.31 for notation). The result is independent of the choice of Uq, G s^M and with¬ 
out loss of generality we may choose Ua = L{Ie,w,If) where w = (7°. o)- Then, x' = 
l{xi,X2,X3) with X2 = WX2W~^ and D2, D^) where D2 = diag(GLi, 

Furthermore, U^D L = (G2)x 2, and U^' n L = (^3)3,3). 

Finally, for a = 7(01,02,03) G with ai in (the center of) Mj we have naan~^ = 
7(01,02,03) where a'2 = wa2W~^. Note that decomposing o = a'a" with o' = 7(Je,02,//) 
and a" = 7(01, Gj+i, 03) we have o', o" G and the identity fl 25 ]) clearly holds for o". It 
is left to show that it also holds for o'. 

We have 

Therefore, for G £>2 with (^ ^) G and t E F* we have 

Sp.nLW, g, I)) = |det(o bhj+i)t~^\ , 

^P.niSpnLW^gJ)) = |det(o-h 6 hj+i )|2 |det(o - hj+i6)r2 . 

(Indeed, (^a) is conjugate to diag(o -|- hhjpi,a — bhjpi).) Similarly, for g' = wgw~^ = 
^ * a 6 j we have g\ I) = nai{I, g, I)na^ G and 

< 5 p',nL(i(^,fi'',^)) = \F det{a + bhj+i)~^\ , 

Sp;_^,nL 3 p?r^Li^{I,g',I)) = |det(o - 6/7 j+i)| 2 |det(o-h/7 j+i6)|"5 . 

In particular, if 6 = 0 we get 

Sp^nLS~pU>^{I,g,I)) = 6 p>,nLsAMl^ 9 ',I)) = 1. 

The Lemma follows. □ 

It follows from the lemma above that in the computation of we can assume in addition 
that X is M-standard cuspidal, i.e., that there exists li < I such that Sj is even for i = 
1,..., /i and Sj = 1 for all i > li. Set I2 = I — h and note that I2 is even. 

Lemma 3 . 29 . For x G Ng{M) n X that is M-standard cuspidal, with the above notation 
we have = (^,..., ^, Ai,..., AzJ where A, = 2#{j > i : hi^+i = hi^+j} - {h + I - i), 

z = 1,... ,/2- 

Note that (Ai,..., A/2) is an intersection of singular hyperplanes. More precisely, A/j = 1 
and for z = 1,..., /2 — 1 we have A* — e/Aj+i = 1 where e* = 1 if = /z/i+j+i and e* = — 1 
otherwise. 
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Proof. Let L = M(2ri,...,2rfc,si,...,si;0) SO that X G wM where w = wj;^. Since depends only 
on [x\m we may assnme withont loss of generality that 


^ _ Tt 0 t ^ ^ Di/2\ / 

V Ui 0 )■’■■■■’\ir^^ 0 L V u ^/2 0 )■’■■■ ■’K 


0 I, 




»il /2 

0 




+ 1 ) 


M) 


where h/j+i = ± 1 , i = 1 ,... ,/2- By Lemma [ 3.211 we have 5 p^ = 5 q^|p . Since = Ap, 

— 1 _i ^ 

in order to compnte px we need to compnte ^Qx^p^\al ~ \al' 

Let -R(T, V) be the set of roots of T on Lie V. For any (3 G -R(T, V) denote by the 
corresponding one-parameter root snbgronp. Note that x normalises both T and V and 
acts as an involution on R(T, V). We can decompose V according to the orbits of x 


v = Y[v° 

0 

(the product taken in any order and the multiplication map dehnes an isomorphism of 
affine algebraic varieties) where V° = H/geo (Note that commutes with so that 
l/“ is a group.) Thus, 

n = n U- 
0 

If |o| = 2 then dimlT’ = 1, while if o = {(3} then Vf = is either 1 or equal to 
Altogether, 

^qJq'^{o)= n , aeAp. 

l3eR(T,V):xl3=l3 

The roots [3 such that x(3 = (3 can be enumerated as follows. Let Rt = 2 A, t = 
1,... ,k + 1, R = Rk+i, St = R + Si, t = 1, • • •, h + 1 and S = The roots are 

(1) Cj -1- Oj where either i = Rt + a for some t = 1,..., fc, 1 < a < and j = i + rt or 

i = St + a for some t = 1,... ,li, l<a<^,j = i + Y- 

(2) Ci ± Cj where S < i < j < 2n {et — Cj is only a root if i <J)- 

For f3 of the hrst type f/f = and this explains the hrst 2k+ li coordinates of px- For (3 
of the second type if and only if hi^^i_s = hi^^j_s. 

Fix 1 < i < ^2 and set a = i^Is+i-i^y^ l2n-{s+i))-i ?/ > 0 . By dehnition, 

l3eR{T,V):xl3=l3 


Note that the contributions of es+j + es+i and of es+j — es+i to the left hand side cancel 

_e 

each other out for all 1 < j < i. The contribution of es+i ± es+j for i < j < h equals \y\^ 
where e = 1 if hi^+t = hi^+j and e = —1 otherwise. Combining the contribution \y\ from 
the case j = i this yields 


Ai — 1 -|- ff\i < j '■ if\i < i '■ h/j+j 7^ 

Since if{i < j : hi^+i 7^ hi^+j} = I2 — i — if{i < j : h/j+j = h/j+j} the lemma follows. □ 
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The affine subspace of can be described as follows. Let 

Ui = {{pi ,..., p2k+i) ■■ Pi = l/2}, 1 <i <2k + l, 

= {(/^n ■ ■ ■ 5 h2fc+z) : Pi =F k-i+i = 1 }, I <i <2k + l, 
'^tk+l = • • • ) h-2fc+z) : k‘2k+l = !}• 

Then we have 


Px + 


n {n 


i=2k-\-l 


•Hijn 


/p,2Zc+Z-l ^(hihi+i) 
I' 'i=2Zc+Zi + l 


nn 


+ 

2k-\-l- 


4. Intertwining Periods 

In this section we define the intertwining periods for the pair {G, H). These are certain 
H(A)-invariant linear forms defined on induced representations of G(A). They were intro¬ 
duced and studied in the Galois case in [JLR 99 ] and |LR 03 ] . Our treatment follows the 
same line but on a technical level we use a slightly different argument for the convergence. 

The intertwining periods are built from inner period integrals. We will first study the 
latter. 


4 . 1 . Vanishing pairs. For this subsection let G be a reductive group and H a reductive 
subgroup both defined over F. Recall the notation (jl]). By |AGR 931 Proposition 1 ] for 
every cusp form 0 on [G] we have 

( 29 ) / \(p{h)\ dh < oo. 

Note that /[hj^'^(^) — /R\(H(A)nG(A)i) derived group of H. 

Then iLH'^®'’(A) is co-compact in H(A)^. Applying fl 29 |) to we conclude that 


'ir\H(A)i 


\(j){h)\ dh < oo. 


Definition 4.1. (cf. [AGR 93 ] ) IFe say that {G,H) is a vanishing pair if 


(j){h) dh 


0 


4r\h(a)i 

for every smooth cuspidal function of uniform moderate growth (hence rapidly decreasing) 
(p on [G]. 


Remark 4 . 2 . In [AGR 93 ] the (a priori weaker) condition 



(f){h) dh 


0 


is used. However, for our purposes the definition above is more convenient. 


We recall the following results which are special cases of results of Ash-Ginzburg-Rallis 
and Jacquet-Rallis. 


Theorem 4.3. The following are vanishing pairs: 
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(Sp„+^, Sp„ X Sp^) for all m, n 
{GLn+m, GL„ X GL^ (or even (GL„+m, SL„ x SL^) for all m ^ n 
(GL2n,SpJ 


Remark 4.4. In fact, it was proved in that (GL„, SLm) is a vanishing pair if 

m > n/2. However, we will not use this fact. 

From Theorem 14.31 Corollary 13.181 and the description of the stabilizers in 1 13.3l we infer: 

Corollary 4.5. Let {G, H) = (Sp 2 „, Sp„ x Sp„) and let M be a Levi subgroup of G. Then 
for any x G Ng{M) n X, (M, M^) is a vanishing pair unless x is M-cuspidal. 

In the case where (G, H) is not a vanishing pair we say that a cuspidal automorphic 
representation vr of G(A) whose central character is trivial on Aq is if-distinguished if 
there is in the space of tt such that 

I 7^ 0- 

7[H]g 

4.2. For this subsection let G = GL 2 n, P = M x U the standard maximal parabolic 
subgroup of G with Levi subgroup M = '■ Qi-, 92 ^ GL„} and unipotent radical 

U and K the standard maximal compact subgroup of G(A). Recall that Hm '■ M(A) —)■ 
Om — is extended to G(A) = P(A)iF via the Iwasawa decomposition. 

Lemma 4.6. For any X G (a^)* there exists N such that 

f ^(\,Hp{m)) ||^||JV 

J[M]g 366^ 

for any continuous function 0 on [G]. 

Proof. It follows from |JR92[ Proposition 6] and its proof that for any > 0 there exists 
N such that 

sup I0(m)I hp(m)^' -Cat/ sup \(j){g)\\\g\\^. 
meM(A) 

Applying this also to wmw~^ and the translate of 0 by tc = () we get that 
(30) sup \(j){m)\miix{6p{m),6p{m)~^)^' <^N' sup \(j){g)\\\g\\^. 

mGM(A) ge6^ 

Clearly, there exists Nx such that 

^(\Hp{rn)) ^ niax(5p(m), m G M(A). 

Applying the inequality fl5UD with N' = Nx + N" it remains to note that 


max(5p(m), hp(m) ^ dm 


'[M]g 


^Strictly speaking, Jacquet-Rallis prove vanishing of periods only for cuspidal automorphic forms. 
However, the general case can easily be deduced from it. At any rate, the technique of [AGR93) applies 
equally well to this case. 
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converges for N" ^ 1. 


□ 


We also require the convergence of an auxiliary integral associated with the pair (G, H) 
where H is the centralizer of • Let Mh = M fl H and dehne 

\\h\\MH\H= inf ||mh||, h G H(A). 

meMH(A) 

Note that H consists of the matrices in G of the form (^ and Mh = GL^ = {diag( 5 f, g) : 
g G GL„}. 

Lemma 4.7. For any N > 0 there exists to such that the integral 

JMh(A)\H(A) 

converges uniformly for t in any compact subset of (fo, oo). 

Proof. Let pn = (/" -/„)• Then ri~^Hrin = M and T]n centralizes Mh- Note that for 
g G GL„(A) we have 

r, ( Ir, ^ In+g In-9\ 

'ln\ g)'ln 


from which it follows that ||?7n('^" g)Vn^\\MH\H -C 

Applying the change of variable h i—)■ rinhg~^ and ([2]) we reduce to the convergence of 
the integral 




,)) 


llsir ig 


'GL„ 


Observe that if G iL diag(fi,..., tn)K then 

g))) _ 


Idetr^^l e' 


]^max(|tj| , |ti| ^) > max(|fi| , |ti| 


2=1 


Thus, the Lemma follows from the convergence of 

/ hVdg 

^GL„(A) 

for f S> 1 which is a standard fact (it follows e.g. from |JR92( Proposition 7]). 


□ 


4.3. Definition of the intertwining period. We go back to the setup of 1 12.41 Let 

P = M K U be a parabolic subgroup of G and let x G Ng{M) O X. For (p G Ap^{G) and 
A G Pa; + (ci^^c)x define, whenever convergent. 


J(<p,x, A) 



U;,(A)M;,\G;,(A) 


(px{hg) dh 


where p G G is such that x = pep Note that the integral formally makes sense by 
Lemma 13.191 (fT8|) and Lemma 13.91 and does not depend on the choice of p, since GxP is 
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determined by x. In fact, it is easy to see that whenever dehned, J{ip,x, A) depends only 
on the M-orbit of x. Moreover, we have 


J{ip,x,X) = 


'P,(A)\G,(A) A[Mx]m 


Sp^ {m)ipx{'mhrj) dm dh = 


'P:,(A)\G:,(A) 


^{KHp{hri)) / 5(p{mhri) dm dh. 


[Mx]m 


4.4. Convergence of the intertwining periods. Let = {a G Sp : xa < 0}. For 

7 > 0 dehne 

'^xih) = Px + {A G (cIm)x • (-^5 > '1,^0' ^ ^p,x}- 

If X is M-standard cuspidal and L = L{x) then in the notation of Dehnition 13.131 we have 


(‘^M,c)x — (<^m)c — {A — (Ai, —Ai,..., Afc, —AA:,t),..., o') : Ai,..., Afc G C} 

and 'Zixil) = Px + {X E (ci)b)x ■ > l}- Taking fl27|l into account, as in |LR03t Lemma 

5.2.1] we have 


Lemma 4.8. Let (M,x) and {M\x') he vertices in the graph (S defined in [3.4 such that 

'hf'OL rn 

{M,x) \ {M',x') for some a G Ap and Ua G SoMo Then 

®x(7) = s"^S)p(7) n {px + {A G : (A, a'^) > 7 }) . 

We will prove the convergence of J{ip,x, A) for ip G A''p{G) for x which is M-cuspidal. 
(We will not consider more general x since they will not play any role in what follows.) 

Theorem 4.9. There exists 7 > 0 such that for any M-cuspidal x = rjep~^ G Ng{M) OX 
and ip G Alp(G) the integral defining J{ip,x,X) is absolutely convergent for Re X G Dxil)- 
Moreover, for any compact set D ofDxil) there exists N > 0 such that 


/ \ipx{hp)\ dh sup |(p(m/c)| ||m||^ 

Aa"-U:,(A)M,\G,(A) m&e\j,k&K 

for all X E D + Ka^)^• 

In the rest of this section we will prove Theorem 14.91 Recall the notation of 1 12.21 


Proposition 4.10. There exist R> 0 and 7 > 0 such that for any M-cuspidal x = pep ^ 
the integral 

J{9f,x,X) = 




{0f)x{hp) dh 


is absolutely convergent for any f G Cp(a^) uniformly for Re X in a compact subset of 

Sx(7). 


^The condition xa —a was mistakenly omitted in [loc. cit.]. 
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Before proving the proposition let us explain how it implies Theorem 14.91 Let i? > 0 be 
as in Proposition 14. lOl and let / = It follows from fl^ that there exists iV > 0 such 

that 

||m||“^ <C f{H^{m)) < 6f{mk), m e k e K. 

Hence, for any (p G A^p{G) we have 

|(p( 5 ()| -C sup \ip{mk)\\\m\\^ \ef{g)\, g e G{A). 

m€6]^,kGK 

Thus Proposition 14.101 implies Theorem 14.91 

We first prove Proposition 14.101 in the case where x is M-minimal. Let L = L(a;) and let 
Q = L [X V be the parabolic subgroup of G with Levi subgroup L. It suffices to consider the 
function f{v) = and A real. In particular, we may assume without loss of generality 

that / is non-negative. We have 


JQ^(A)\G^(A) Ap^(A)\Q^(A) 



dm dq dh. 


Since x G L, we have xQx~^ = Q and is a parabolic subgroup of Gx- Thus, the variable 
h is integrated over a compact set and it is enough to show that the two inner integrals 
converge uniformly for h in a compact set. Recall that by Lemma [3.211 we have Uj, = V^, 
and 5 q^|p Therefore we can rewrite the two inner integrals as 


(31) [ ^{x-Px,Hp{ihrj)) f (m/hT]) dm dl. 

JMx:{A)\Lx{A) 

Note that as well as the inner integral are left Ma;(A)-invariant. By the 

description of Mx in 1 13.31 [Mx]m is a product of adelic quotients of finite volume and adelic 
quotients of the form [GLr x GLr]GL 2 r- The integral over the finite volume quotients is 
bounded by the sup norm of the integrand times the volume. For the quotients of the 
second kind we use the bounds of Lemma IT^ Together with fIScD and ([2D, we conclude 
that the inner integral is bounded by a constant multiple of 

sup 0f(m/hr/)||m||^ < ||/||^ sup ef{mlhg)\\m\\^ 
mSeL meSL 

for a suitable N. It follows from Lemma 12.21 that for suitable R and N', the latter is 
bounded by a constant multiple of |K||^||/hr 7 ||'^ <C (by fiSbP . since h ranges over 

a compact set). Furthermore, by ([2D ^ A in a compact. We 

conclude that fl2TD is bounded by a constant multiple (which is independent of h and A if 
they both lie in compact sets) of 


( 32 ) 


M,(A)\L,,(A) 
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where = infmGM 2 :(A)||iH.^||, I £ La.(A). Finally, the uniform convergence (for A in a 

compact) of fl5^ for suitable 7 follows from Lemma 14.71 the description of Mj, and in 
1 13.31 and the M-cuspidality of x. 

In order to complete the proof of Proposition 14. 101 it suffices in view of Corollary 13.241 to 
prove the following. 


Lemma 4.11. (Cf. |LR031 Lemma 5.3.l]j Suppose that {M,x) and {M',x') are vertices 


in 0 and {M,x) \ {M',x') for some a G Ap. Assume that Proposition 4-10 holds for 
{M',x'). Then it also holds for {M,x). Moreover, there exist 7 > 0 and R> 0 such that 
for ReA G 2) 3 ,( 7 ) and f G Cp(a^) we have 

(33) J{ef, X, A) = J{M{sa, X)ef, x', SoA). 


Proof of Lemma 4- iT R follows from Lemma 14.81 that if ReA G 2) 3 ,( 7 ) then Res^A G 

2)a:'(7)- We hrst show the identity fl33|l for f{v) = and A G 2 ) 3 , ( 7 ). 

We have 

M{so^,X)9f = 9f 

where f is the function on a^' such that f'{sap) = Cs„(A + p)f{p) and 

CM(f/5")) 


c,„ z/ = 


n 


Cp((f + 1) 


where Cf('S) is the completed Dedekind zeta function of F. In particular, by Lemma [2.11 
for any Rq < R we have /' G Cpo(a^ ) provided that 7 (and hence (A,q;'^)) is sufficiently 
large with respect to Rq (so that (A + > 2 for all ||/x|| < Rq and {3 G 

Thus by assumption, J{M{sa, X)9j^,x', SaX) = J{9^ ,x',SaX) converges provided that 
7 is sufficiently large. 

Let Q = L x V be the parabolic subgroup of G containing P such that Ap = {a}. 

Set rj' = UaP- Recall that U' fl SaUs~^ = V. We have 

(34) J{M{s^,X)9f,x4s^X) = 

f [ [ {df)\{n4}umhrj’) du 5p/^(m)“^ dm dh 

ip'p(A)\Gp(A) iv(A)\U'(A) 

where the triple integral converges absolutely since the integrand is non-negative. By a 
change of variable u 1 —)■ mum~^, an exchange of the order of integration and fl 2 ^ we rewrite 
the above integral as 


dp'p(A)\Gp(A) JV(A)\U'(A) d[M;,]M/ 

By Lemma 13.221 ([3]) we get 


{9^)x{n^^muhri')6p^{n^^mna) ^ dm du dh. 


/P'p(A)\Gp(A) J(n,U3.n-L(A)\U7,( 


fM' 


{9^)x{n^^muhri') 5p^{n^^mna) ^ dm du dh. 


.i\mi 
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By Lemma 13.221 (jl]) this equals 


{6f)\{n^^mhri') 5p^{n^^mna) ^ dm dh. 


JnaPx{K)na \Gj./(A) 

Applying the change of variables h i—)■ nahn~^, m i—)■ namn~^ this becomes 

3Af\ _ TfoM 


/ / idf)\{mhri) Sp^{m) dm dh = J( 6 *j , x, A) 

iPx(A)\Gx(A) A[Mx]m 

as required. 

To obtain the relation fl33l) for general / G Cpi^a^) and A G + {cLmc)x with ReA G 
25a; ( 7 ) we use the same argument as above where now, the absolute convergence of the triple 
integral on the right-hand side of (IMj) is guaranteed by its convergence in the previously 

considered case (since / -Cyi? for any / G Cij(o^)). □ 


This completes the proof of Proposition 14.101 and therefore also of Theorem 14.91 
We mention the following consequence. 

ria 

Corollary 4.12. Suppose that {M,x) \ {M',x') in ©cusp for some a G Ap. Then for 
suitable 7 > 0 and for any ip G A^p{G) we have 

J{ip, X, A) = J{M{sa, A)(p, x', SqA), Re a G 253 ,( 7 ). 

Proof. The argument of the proof of Lemma 14.111 shows that 


J(M(s„, A)p,x',s«A) 


'P'p(A)\Gp(A) 5(U'nscUs^L(A)\U'( 


JP,,(A)\G,(A) 

It is justihed by the absolute convergence of J{ip,x, A). 


‘Pxfn^^umhri') du 6p'^{m) ^ dm dh 


cpximhrj) 6p^{m) ^ dm dh = J{ip,x,X)- 


□ 


4.5. An unramified formula. Let us go back to the setup of 1 14.21 (using the notation 
of that section) and carry out the unramihed local computation pertaining to the pair 
(G,H) = (GL 2 U, GL„ X GL„). For this section let F be a local held with normalized 
absolute value l-j. 

Let A„ be the torus of diagonal matrices in GL,j, U„ the subgroup of upper-unitriangular 
matrices, R„ = A„ x Un the Borel subgroup of upper triangular matrices and Kn the 
standard maximal compact subgroup of GL„, i.e., Kn = GL.„((!5p) for F non-archimedean 
0(n) if F = R and U{n) if F = C. Let 
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For A = (Ai,..., An) E C"' let be the function on G given by 

'(A-A)+P 2 „,Ho(("" n,)g) 


v(£/) = 


dm. 


' Rn\ GLt, 


Thus, Sa is left invariant under {(™m) • ^ ^ GL„,X G Mat^xn}, right iF 2 „-invariant 

_ 1 

and the restriction of ^p^Sa to ) : m G GL„} is the spherical function on GL„ with 

parameter A. For convenience take 9n = (/ ^ Pr]nH where is 

dehned in fl22|) i and set 


UA) = 


'GL„ \GL„ xGL„ 


^A( 6 'n(”'^ m 2 )) dmi dm 2 


(A-A)+p2n,Ho(e,,(”"i 


dmi dm2. 


'R„\GL„xGL„ 


By the Iwasawa decomposition for GL„ we have 

T(A) = f [ -)>/ * ia. 

J Art Un 

Let w G S 2 n be the permutation dehned by 

w{i) = 2 i — 1 , w{n + f) = 2 i, i = 1 ,..., n, 

viewed also as a permutation matrix (5j^^(j)) in GL 2 „. Set ^ = w9nW~^ = diag( 6 'i ,... ,9i) 
and note that 

w{A, —A) = (Ai, —Ai,..., A„, —A„) 
and for u = {uij) G Un we have 

= (S- 0 ) ■ 

On the other hand, 

U 2 n n wU 2 nW~^ = {u = {uij) G U 2 n ■ U 2 i, 2 j-i = 0 Wi = 1,..., u and j = i + 1,... ,n}. 

Therefore, diag(/ri,, Un)w~^^~^ is a set of representatives for {U 2 nUwU 2 nW~^)\U 2 n- Writ¬ 
ing 

we get that 

T(A) = / J)) 

J An J {JJ2n^'^U2n^ ^)\f^27i 

The inner integral is a standard intertwining operator applied to the unramihed section. 
By a familiar computation for any ft = (/xi,..., p 2 n) E ciA 2 n,c have 


' {U2nC[wU2nW ^)\U2n 


>+P2.,Ho(«;-1«3)) ^ g E GL 2 n 
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where 


Cui(h') 


fij , 1 _f) 

-h(/ij — fij + 1, If) 


i<j\w{i)>w{j) 

The integral converges provided that Re/Xj > Re/Xj for all i < j such that w{i) > w{j). 
Note that {1 < i < j < 2n : w{i) > w{j)} = {{i, n + j) : 1 < i < j < n} and therefore 

L{Xi + Xj, If) 


,(A,-A)=n 


i<j 


L{Xi + Xj + 1 , If) 


and the integral over {U 2 n(XwU 2 n'w ^)\f^ 2 n converges for Re Aj + ReAj > 0, i < j. It follows 
that 


'^n(A) c^(A, A) / e 


(-2p„,HA„(a)) + (^w{\,-\)+p2r,,Ho{^w(^^^ 


da. 


Note that ^)w ^ = diag(l, ai, 1, 02 ,, 1, a„) for a = diag(ai,..., a„) G An and 




n 

i=l 


I n-\-l—2i 




2 = 1 


where f = (n — l,n — l,n — 3,n — 3...,1 — n, 1 — n) G aX . Since 


we get that 


A2n 

P2n ^ i '^1 2’'''’2' 2^ iP2i ■ ■ ■ 1 P 2 ) 


Jn(A)=c^(A,-A)J]Ji(A,). 

i=i 


The convergence and computation of Jn{X) reduces therefore to the case n = 1. As in 
[Off041 Lemma 5.2] it is easy to calculate the integral 


Ms) = 


(s+i,-s-i),FA2(( 1 a)) 


da. 


Assume first that F is non-archimedean and let q be the size of its residual field. Then 


(^+i-s-i),r/A 2 ((? “)) 


= (min{|a|, |a| ^})^''' 2 . 


It follows that 


Jl(s) — 

1 + 2 / a ^"''2 da 

= 

CXD 

l + 2^g-"("+^) da 


J\a\<l 


n=l 


1 + g” 


1 - g- 


is convergent for Res > — A 
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Consequently, the integral defining Jn(A) is convergent whenever ReA* > — i = 
1,..., n and Re Aj + Re \j > 0 for all i < j and 


JnW = 


.p-j. X _ g-(^i+A+l) 


J- J- 1 — (7“('*'i+A) 

J<j 



Suppose now that F is archimedean. Note that 

5 “) )) _ J l+|a|^ 

|a| 




S+7 


,(l+|a|h 


F = 


F = C 


and therefore once again the integral converges for Res > —A. Up to normalization of 
measures (independently of s) we have 

(^+i)[F:K] 


Ji(s) — 2 


X 


Since 


X 


1 + 


d^x = 


1 + 


r-oo ^£-1 


d^X. 


, dz = B(h h = - 


t \2 
2 > 


1 + '2’2' r(t) 

where B{x,y) is the beta function, we conclude that for any local field F we have, for a 
suitable normalization of measures, 

L(s + A, \pY 


Ms) = 


L{2s + 1, 1 ^ 7 ’) 


and 


Jn{\) = 


n 

.*<j 


L(Aj + Aj, li?) 
L(Aj + \j + 1, li?) 


-h(Aj + 1 f)^ 

L{2\i + 1, If) 


n 


We remark that if f is the unramified principal series representation of GL„ induced 
from then we get that 

7 tA _^2 ^(0,F, A^) 

^ ^ Jn(A)-L(2,F) 


4.6. We go back to the setup of 1 12.41 Let P = M k U be a parabolic subgroup of G, 
X G Af r^NcM) an M-cuspidal element and a an irreducible, cuspidal, automorphic repre¬ 
sentation of M(A). Let I (cr) be the space of smooth functions ip on U(A)M\G(A) such that 
m I—)■ 5p{m)~^ip{mg) belongs to the space of a for all g G G(A). Thus /(a) C (G) and 
we can identify it with the parabolic induction Indpj^^j* (a). Denote the restriction of J(x, A) 
to J((j) by J(x,(j, A). The analytic continuation and functional equation of J(x,cr, A) can 
in principle be inferred from those of the Eisenstein series, as in |LR031 lOffOGa] . We will 
not carry this out here since our focus is somewhat different. 

We can also factorize J(x, a. A) and evaluate the local factors at the unramified places as 
follows. By Lemma [3.271 and Corollary 14.121 we may assume that x is M-standard relevant. 
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That is (see Remark I3.26P M = M(^ri,ri,...,rk,rk,si,...,si; 0 ), Sj is either even or 1 for every 
j = and X e Nc{M) fl X is M-conjngate to ... ,hi) 

j g j if Sj is even and hj = ±1 if Sj = 1. Let Q = L \k V with 

L = L{x) = M(^ 2 ri,..., 2 rksi,...,sr,o)- fhis case, J{x,a,\) is identically zero nnless a is of the 
form 


(T ~ (Ti (g) (Ti ® • • • (g) CTA; 0 (JA; 0 Ti 0 • • • (g) T; 

where for all i, ai is a cnspidal representation of GLr.(A), d* is the contragredient of Uj, and 
for all j, Tj is either the trivial character of GLs .(A) if Sj = 1 or a cnspidal GL 5 ./2 x GLs ./ 2 - 
distinguished antomorphic representation of GL*^. otherwise (i.e., if Sj is even). In this case, 
for ip E I {a) we have 

J((p, X, cr, A) = / / / 6p^(m)(px{'mlhrj) dm dl dh. 

yQ0A)\G.(A) yM.(A)\L.(A) A/[M.]m ' 

We can factorize this integral into local integrals. This will involve the factorization of 
the inner integral which in turn is a product of Petersson inner products for the cjj’s, 
GIjs.i 2 X GL 5 ^./ 2 -periods for Tj, considered in |BF90l[FJ93j . for Sj even and volume factors 
for Sj = 1. The integral over h does not affect the unramified computation. The integral 
over I affects the unramihed computation only in the GL 2 ri x • • • x GL 2 rfc component of 
Lx- 

Using the unramihed computation of the previous section we conclude that for a suffi¬ 
ciently large hnite set of places S of F, there is a linear form Js = GvgsJv on 0 ^gs/(a^) 
such that if we denote X — Px = (Ai, —Ai,...,, Afc, —Xk, 0,..., 0) then for every pure tensor 
if G I{<7)^^ we have J{ip,x,a, X) = L^{X)Js{ips) where 


L^X) 




, 2=1 


, L{2Xi,ai,A‘^)ReSs=iL{s,ai x a^) 
L(2Ai 1, ai, Sym^) 


X 


i 


n 


ReSs=iCF(s) 

L(i,rj)Res^=iL(s,rj, A^) 


Sj — 1, 

Sj is even. 


5. if-PERIODS OF PSEUDO EISENSTEIN SERIES 

We can now state and prove the formula for the TT-period of pseudo Eisenstein series. 
Let P = M X U be a parabolic subgroup of G. Recall the notation of 1 12.21 


Theorem 5.1. There exists R > 0 such that the integral 
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converges absolutely for any cj) G Cr(\J{A)M\G{A)) and vanishes unless M C i(GL 2 n)- 
Moreover, there exist 7 > 0 and R > 0 such that for any (f G G^(U(A)M\G(A)) we have 


[HI 


9ip{h) dh = f J(0[A],x, A) dX, 

rr Aa:+i(at ,)a; 


'Va:+i(a^)a: 

a finite sum of absolutely convergent integrals where x ranges over a set of representatives 
of the M-cuspidal orbits in X, and for any x we fix Xx G 2}a;(7) such that ||Aa;|| < R. 

Proof. By Lemma 12731 there exists R > 0 such that g J2'yeP\G \^i'19)\ bounded on 
G(A), and in particular integrable over [H], for all 0 G Gi{(U(A)M\G(A)). Therefore we 
can write 

9^{h)dh = J2U4>) 


[HI 


as a (hnite) sum of absolutely convergent integrals where x ranges over a set of represen¬ 
tatives for the P-orbits in X and for each x G X 


4(0) = 


'Px\G, 


(fihrjx) dh = 


(t){phr]x)dpSp) dp dh 


JP:,(A)\G,(A) Jp,\P:,(A) 

where rjx E G is such that x = gx^Pf^- By the cuspidality condition on 0, it follows from 
Lemma 1X51 fl5D that 4(0) = 0 unless x is M-admissible. By Lemma 13.101 we get 


[HI 


4(h) dh = J2W)- 


where x ranges over a set of representatives of the M-orbits in Ng{M) fl X. Suppose that 
X G Ng{M) nX. By Lemma (3.91 we have Rx = x Ua:. Since 0 is U(A)-invariant we 
get that 

4 (0) = / / (l){mhgx)df}{m) dm dh. 

Clearly, 6p^ is trivial on Ma;(A)L By Corollary 14.51 


/ (pifng) dm = 0, g E G(A) 

iMa:\M^(A)i 

and hence also 4 ( 0 ) = 0, unless x is M-cuspidal. In particular, 


[HI 


9^{h) dh = 0 


unless M C t(CL 2 n). Assume therefore that M C L{G\j 2 n) and x is M-cuspidal. By 
Lemmas 13.91 and 13.191 we can write 


4 ( 0 ) = 


'A"-U:„(A)M,,\G:,(A) Ja\ 


(f){ahgx)^pl{ci) da dh 


/a"-U4A)M,\G4A) J{aM)i 


0 (e'^h74e-<^^+^-^> du dh. 
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Now assume that (j) G C'^(U(A)M\G(A)). By partial Fourier inversion formula with 
respect to the subspace (um)^ of we have 

4(0) = [ \ [ c?A I dh 

for any \x ^ Px + (cImc)i ^^oh that ||Aa;|| < R. By Theorem 14.91 and (ITOll the double 
integral converges provided that ReAa; G '^ xi ' j ) for suitable 7 and R. Changing the order 
of integration we obtain 

4(0) = [ J(0[A],x, A) dX. 

d Xx+i{a*j^)x 

The theorem follows. □ 

Remark 5.2. Theorem \5.1\ is stated for a general 0 but in the case where 0 is spectrally 
supported on a single irreducible cuspidal representation vr o/M(A), the terms in the for¬ 
mula for the H-period depend heavily on n. Theorem 15. il is an analogue of the inner 
product formula for pseudo Eisenstein series f |MW95l Theorem II.2.1]0 which is the point 
of departure for Langlands’s spectral decomposition of ([G]). The natural next step would 
be to perform a residue calculus on the formula provided by Theorem I5.il This would no 
doubt sharpen the results of §3 below. However, we will not pursue this matter here. 


6. The distinguished spectrum 


In this section let G be a reductive group over a number field F and H a reductive 
subgroup defined over F. 

6.1. We will define a subspace of L^([G]), denoted L|^_^;g^([G]), which measures the part 
of the spectrum which is distinguished with respect to H. First, let {[G])h- conv be the 
subspace of L^([G]) consisting of (p such that the integral /[hj^ I(/ * t)W\ dh converges for 
any / G Gc(G(A)) (where the latter denotes the space of continuous, compactly supported 
functions on G(A)). The space L‘^{[G]) h- conv contains the space of rapidly decreasing 
functions on [G] (cf., jAGR93t Proposition 1]). (If HflG'^®'’ is semisimple then {[G]) h -conv 
contains the space of bounded measurable functions on [G].) In particular, L‘^{[G]) h- com 
is dense in L^([G]). Let 

f^^([G])H-conv = {‘d e L^{[G])H-com ■ f (/ * ¥^)(h) dh = 0 for all / G Ge(G(A))}. 

d[H]G 

We can dehne the ‘strong’ iL-distinguished spectrum L^_jjgj.([G])®* to be the orthogonal 
complement in L^([G]) of It is not clear to what extent is this definition 

sensible in general (especially if L'^{[G]) h- com R -f"^([G])). However, we will see in the next 
section that it is at least useful in one case. 

More generally, for any subspace C of L‘^{[G]) h- com define 



= {0 G C : 


(/ * 0)(^) = 0 for every / G C'4G(A))}. 
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Note that if for any 0 G C, <;/> is continuous and the integral 10(^5')! dh converges for 
all g G G(A) then 

= {0 G C : f 4>{hg) = 0 for all g G G(A)}. 

J[^]a 

To define -h|^_jj-g^([G]) we will take C to be the space of pseudo Eisenstein series. To make 
this more precise we recall some standard facts and terminology from |MW95] . 


6.2. For the rest of this section all external references below are from |MW95] . We denote 
by ncusp(^G\G(A)) the set of equivalence classes of irreducible cuspidal representations 
of G(A) whose central character is trivial on Ac- Recall that a cuspidal datum for G 
(II. 1.1) is a pair (M, tt) consisting of a Levi subgroup M of G and vr G ncusp(AM\M(A)). 
Two cuspidal data (M, tt) and (M', tt') are equivalent if they are conjugate (in the obvious 
sense) by an element of G. Let (£ be the set of equivalence classes of cuspidal data. 

For any cuspidal data (M, tt) let L^^gp^^([M]) be the vr-isotypic component of the cuspidal 
spectrum L^^gp([M]) and let 


^Lp,^(U(A)M\G(A)) = {if : U(A)M\G(A) ^ C measurable | 

Sp^(p{-g) G L^^ 3 p_^([M]) for all g G G(A), f \f{ 9)\‘^ dg < cx)}. 

./AMU(A)Ar\G(A) 

For any finite set of iL-types the space L^^gp ,^(U(A)M\G(A))® (the direct sum of K- 
isotypic components pertaining to j^) is finite-dimensional and consists of smooth functions. 

Let X G iS and a hnite set of iL-types. For i? 3> 1 and (M, vr) G X let be the 

space defined in (V.2.1) (cf. (11.1.4)) namely (in the notation of 1 12.2|) 

Plfl) = iLp,4U(A)M\G(A))5) ~ />*((aG )•) 0 LLp,4U(A)M\G(A))4 

We denote the value of 0 G P^^-^ at A by 0[A]. This is consistent with the notation of 1 12.21 
if we view 0 (by Mellin inversion, as in ([9])) as a function in the space G^(U(A)M\G(A)). 
In particular, the pseudo Eisenstein series 6^ (11.1.10) is defined for any 0 G P^m-k)- 
pP^ = ©(M,7r)GT-P(M^7r) extend the map 0 i-)- 6',^ to a map 


0^ : P^’^ L\[G]) 

by linearity. Let ^^.^([G]) be the image of 9^. Let L|([G ])5 be the closure of ^^^^([G]) 
in L^([G]). Let also 

^t([G]) = 

and let L|([G]) be the closure of ^^([G]) in L^([G]) (11.2.4). Note that it follows from 
Theorem 11.2.1 that L|([G]) is independent of R for R S> 1. 

The space L^([G]) admits a coarse decomposition 

(36) -^^([G]) = ©xg£-^|([G]) 
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(II.2.4). In particular the space 

^([G]) = ©xee^3e([G]) 

of all pseudo Eisenstein series is dense in L^([G]). 

By definition, the if-distinguished spectrum dist([Gl]) is the orthogonal complement 
oimG])H in L^([G]). Note that in principle this space may depend on the choice of R, 
although we do not expect it to be so. By abuse of notation we will suppress this a priori 
dependence. Alternatively, we may work instead with pseudo Eisenstein series built from 
the space of Paley-Wiener functions P{m,-k) of II.1.2. The ensuing discussion will carry over 
with minor changes. 

Clearly 

Remark 6.1. One may consider the orthogonal complement in L^([G]) of for other 
classes of functions C in {[G]) h. com, for instance the class of rapidly (or alternatively, 
sufficiently rapidly) decreasing functions on [G] (perhaps with all their derivatives). Con¬ 
ceivably this would coincide with Lf^_(jigt([G]). However, we will not address this guestion 
in this paper. 

We set 

-^disc,R-dist([G]) = -h^-dist([G]) n Ljjg(,([G]). 

6.3. We turn to the hner decomposition of L^([G]) which is the crux of Chapter V. Fix 
X G (£ and as before. By dehnition, a root hyperplane in (a^)* is an affine hyperplane 
given by an equation (A, a'^) = c for some co-root a'^ corresponding to a G Ap and c G M. 
There is a certain hnite set consisting of triples {M,7r,&) where {M,7r) G X and © 
is an affine subspace of (a^)* which is an intersection of root hyperplanes. (In fact, the 
set dehned in (V.1.1) is only locally hnite. However, for our purposes we can replace 
it by the hnite set (which implicitly depends on X) denoted by Sing*^’® in (V.3.13) - see 
(VI.1.8).) Let Sx = (This set is probably also hnite but we do not need to 

know this.) The set Sx contains the triples where © is a singular hyperplane 

(A,q;'^) = c, c > 0 for the intertwining operator corresponding to (M, tt) and a G Ap. Let 
[AI], [S': 3 e] be the sets of equivalence classes of S'!, Sx respectively under the equivalence 
relation dehned in (V.3.1). The hner decomposition alluded to above is 

= ®e:G[5|]-^l([G])(>:,5 

and correspondingly 

^xi[G]) = ®Ce[%]®|([G])(r 
(Corollaries V.3.13 and V.3.14) where 

L|([G])e; = y^L|([G])e:,g. 

5 

The subspaces L|([G])ir^g^ are dehned in Chapter V, initially in an ad hoc fashion, and 
subsequently as integrals of certain residual Eisenstein series. For our purposes it will be 
useful to have a description of the subspaces L|([G])ir^j using a slight variant of the recipe 
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given in (V.3.3) - see fl37ap below. For G [Sx] we write for (M, vr, ©) G £ 

we can choose G €' such that (M, vr) = and & 3 &. (Of course, this 

condition does not depend on the choice of (M, vr, ©).) We write (t if (t' ^ C but 
(L' 7 ^ 

Fix m S> 1 and for any C G S'x let 

= {0 = (0(M,7r))(M,7r)G^ ^ : for any (P = [(M, tt, 6 ')] ^ Sx such that (f ^ 

4>{M,n) together with its derivatives of order < m vanishes on ©'}. 

Similarly dehne ■ The space is contained (possibly strictly) in the corresponding 
space dehned in (V.3.3) where the partial order ^ is replaced by an essentially arbi¬ 
trary total order rehnement H Nevertheless, if we replace P^!^, by P^^ throughout V.3 then 
all the statements and proofs remain valid verbatim. (The induction is on the codimension 
of © where (M, tt, ©) G Cl.) Indeed, it all boils down to the simple statement (i) on the 
bottom of [p. 203] which still holds for P^^. Consequently, we have (cf. Corollary V.3.13): 

(37a) L|(lG])„={VW^n{9^:.#.eP"}7 

(37b) 0ff'^ffL|([G])(r',5 — { 0 ^ : 0 € 

Here we used the fact that the right-hand sides are invariant under qt - cf. [p. 200 (3)]. 

Suppose now that (G, H) is a pair for which the analogue of Theorem 15. II is applicable. 
More precisely, assume that (in the notation of ]|5]) for any Levi M there exists a hnite 
collection 21^ of affine subspaces of (a^)*, and for each © G 21^ an element Ae G © and 
holomorphic functions •); V ^ Mp (G) in a neighborhood (in ©c) of Re A = Ae such 

that for any (j) G G^(U(A)M\G(A)) we have 

(38) [ e^{h)dh=J2 [ Jg{(P[\], \) dX 

J[H.]g 6 € 21 ^ JXGGc '.'Re X=Xq 

where the integrals are absolutely convergent. For any G € and {M,7t) G X let 
of © G 21^ for which Je{^, •) does not vanish identically for some (p G 
M]p"(G) nLLp,.(U(A)M\G(A)). We write 21f = {(M, 7 r,©) : (M, vr) G X, © G 2tf^^^)} 
and assume (without loss of generality, by enlarging Sx if necessary) that 21 ^ forms a union 
of equivalence classes of Sx- Let [21]^] be the set of equivalence classes of 21f^. Let 

[Sx]h = {C: G [Sx] : © ^ C: for any © G [2lf]} 
and let [F'xjH-dist be its complement in [A^j, i.e., 

[5'xjH-dist = {Cl G [S'^j : there exists £' G [2tf^] such that P €}. 

Note that if d G [Sx\h then by fl38|) we have d^{h) dh = 0 for any 0 G P^^- From 
fl37ap we conclude: 


^We recall that a posteriori T' is superfluous because of the finiteness of Sing*^’®. 
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Corollary 6.2. For any X G (B we have 

Therefore, 

-^R-dist([G]) C 

Remark 6.3. In general, the inclusions in Corollarv \6.^ are likely to be strict. 

6.4. In the next two sections we will further explicate Corollary 16.21 in the cases at 
hand. First we introduce some more notation. (See Chapter VI for more details.) Let 
ndisc(^G\G(A)) be the set of equivalence classes of irreducible representations which occur 
in the discrete spectrum L^;g^([G]) of L^([G]). For any tt G ndisc(^G\G(A)) let Ldisc, 7 r([G]) 
be the isotypic component of tt in ^Lc([G]). 

Let S) = be the set of all equivalence classes [(L, 5)] of pairs (L, 5) up to association 
where L is a Levi subgroup of G and S G ndisc(^L\L(A)). Consider 

D(i(ap*;IndLLd|L]))'^“‘''' = {v ■ ^ WiLcdL]) I 

ip{wX) = M{w, A)(^(A) for all w G Ng{L), for almost all A G 1(0^)*, 

/ = 0 almost everywhere}. 

Ji(aG)*/NG{L) 

Here Ind stands for (normalized) parabolic induction to G(A) from the parabolic subgroup 
with Levi part L and M{w,X) are the intertwining operators (which are unitary for A G 
ia2). 

We have a map 

3l£t : Ldi(ag)-;IndLL(|L]))"“'^’ ^ idlG]) 

given by 

:hSi((^)= f E{;ip{x),x)dx 

Ji{afY/NG(L) 

where E{-,ip,X) denotes the corresponding Eisenstein series. For any h G 2) hx L such 
that (L, 6') G h for some 6' and let Lg([G]) be the image of 

(i(af)*; Ind ©(L,5 )ea([L])) 

under (It depends only on h, not on the choice of L.) One should not confuse the 

spaces Lg([G]) with the spaces L|([G]) defined above (for cuspidal data X). We have 

(39) Ld|G]) = ei,6»i?(|G]). 

Note that the decomposition fl39|) is in general not finer than fl36D - it is conceivable that 
a cuspidal representation is equivalent to a non-cuspidal representation occurring in the 
discrete spectrum (cf. the notational convention on [IF 1.1, p. 79]). 
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7. The case of (GL2„, Sp„) 

In this section only, let G = GL 2 n and H = Sp„. We will study the distinguished 
automorphic spectrum of G with respect to H. Note that [Hj^ = [H] in this case. 

7.1. First we explicate Corollary 16.21 in the case at hand using the description of the 
discrete spectrum of L^([GLn]) due to Mceglin-Waldspurger |MW89] which we now recall. 

Let M = M(ni,...,nk) — X • • • X GL^^, be the Levi subgroup of GL„ corresponding 
to a composition n = ni + ■ ■ ■ + and let P = M x 7/ be the corresponding parabolic 
subgroup. For a representation tt of M(A) and A G ci*mc let /(vr, A) be the representation 
of GL„(A) parabolically induced from vr 0 

Suppose that n = mr, M = M(rn,...,m) and tt = t ® ® r (r times) where r G 

ncusp(^GL^\GLm(A)). Let fiM = {{r - l)/2,...,-(r - l)/2) G so that {^M)i - 
= 1, i = 1,..., r — 1. Then the limit 

lim I TT(Ai - Ai+i - 1) I P(<y9, A) 

exists and as ip varies in /(vr, A) it spans an irreducible subrepresentation of L^([GLn]) 
which is isomorphic to the Langlands quotient Speh(r, r) of Moreover, as we 

vary m and r we get the entire discrete spectrum of L^([GLn]) this way, namely: 

ndisc(^Gu\GL„(A)) = {Speh(r,r) : n = mr, r G ncusp(^GL^\GL,„(A))}. 

In particular, Ljjg(,([GLn]) is multiplicity free. 

More generally, any h G 2} is of the form [(L, 5)] with L = M(^ni,...,ni) and 6 = Speh(ri, ri)0 
• • • 0 Speh(D, ri) where Ui = rifrii and r* G ncusp(-4GL^.\GLmi(A)), i = 1,... ,1. If 

M = . . . ,mi ,...,m ;,... ,mi), tt = Ti 0 • • • 0 n 0 • • • 0 p 0 • • • 0 p 

ri ri n ri 

and Us = ((ri — l)/2,..., (1 — ri)/2,..., (r; — l)/2,..., (1 — r;)/2) then in the notation of 
1 16.31 we have 

(40) LliGK \GL.„(A)) = 4(GL„ \GL„(A))e 

where X = [(M, tt)] and £ = [(M, tt, ps + (cIl)*)]- Note that ps depends only on M and L. 

Let ndisc,H-type(^G\G(A)) be the subset of ndisc(^G\G(A)) consisting of Speh(cr, r) with 
r even (the “even” Speh representations) and let 

-^disc,ir-type([G]) ®7rGndisc.H‘-type(AG\G(A)) ( [G] ) . 

We say that a Levi subgroup L (or its associate class) is even if L = M(^ 2 ni,..., 2 nk) where 
Hi + ■ ■ ■ + Uk = n. 

Let 

^H-dist = {[{L, S)]: L = M(^ 2 ni,..., 2 nk),ni H-h Ufc = n, h = 0 • • • 0 4, 

^ ffdisCjSp,^^-type(^GL2n^\GL 2 ni (A)), i 1, . . . , fcj-. 
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We denote by i^Lc,Sp-type([L]) the image of 

®i=l-^Lc,Sp„,-type([GL2ni]) 

under the isomorphism 

0*.iL"(|GL2„,]) ^ L"(|L]). 

The formula for the period of pseudo Eisenstein series in this case was considered in 
|Off06a] .^ For each class in [21^] we can take a representative of the form (M, tt, ©) where 

M = M(riuni,...,ni,ni), TT = Ti ® Ti 0 • • • (g) T; 0 T/ and 

S = {(Ai + -, Ai — , A; + -, A; — : Ai, . . . , A; G M, Ai + ■ ■ ■ + A; = 0}. 


We can conclude: 

Proposition 7.1. We have 

(41) i|,.di.,(|G]) C (i„e„„.„L5(lG|) = 0 

[L] even 

Proof. Let X G (£. Using Corollary 16.21 and fITOl) we need to show that if (M, vr) G X 
and {L,6) is discrete data such that L ^ M and + (cIl)*)] ^ [>S'r]H-dist (he., 

© ^ [{M,ti,hs + (cIl)*)] some © G [21^]) then 6 is the tensor product of even Speh 
represent at ions. 

Let M = L = where ni + - • ■ + nk = n[ + - ■ • + n'^/ = 2n. For any 

j = 0,k' there exists /' G {0,..., A:} (with /g = 0 and = k) such that ni H— • + nr = 

n [-\— ■ + By the above description of 21 ;^, the condition [(M, vr, fis + cIl)] £ [*S':r]_H-_dist is 
that k = 21 is even and for a suitable Weyl element w we have wn = Ti (g) Ti (g) • • • (g) t; (g) t; 
and 

w{fis + (af )*) C {z/i + z/i - , z/) + ^, z/z - ^ : i/i,..., z/) G R, z/i H-h z/; = 0}. 

Thus, there exists a permutation a of {1,..., fc} such that 7 ro.( 2 i_i) = 7r„(^2i) and a;o-( 2 i-i) = 
Xa( 2 i), i = 1,..., / for all (xi,..., x^) G af (where we view af as a subspace of a*^ ~ R*^). 
It follows that for every i = 1,... ,l there exists j = 1,... ,k' such that < a{2i — 
1), a{2i) < I'j. Thus, Z' — l'j_i is even for all j. This means that [(L, 5)] G S?ir-dist- n 

We will show below that the inclusion in (1TT|) is in fact an equality. 


^The main result in [loc. cit.] is stated for pseudo Eisenstein series built from Paley-Wiener sections, 
but the argument is applicable equally well to the spaces considered in ^ Alternatively, we can 

argue as in ^ 
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7.2. Let B be the Borel subgroup of G of upper triangular matrices, T the diagonal torus 
of G and Th = T fl if, a maximal torus of if. The group H is obtained as the hxed point 
set of the involution 6 given by 6{g) = Note that 6 preserves both T and the 

subgroup of upper unitriangular matrices. Let be the set of simple roots of Th in 
Lie(ii) with respect to Bh = B r\H. The restriction of characters from T to Th gives rise 
to a surjective map pr^:^ : Ug In the standard coordinates we have 

• • • > ^2n) = (a^l - X2n, ■ ■ ■ , Xn - X^+l)- 

In particular prj:^(Ao) = Aq and 

(42) pr^(po) = (2n - 1,..., 1) = 2p^ 1). 

Note that 9 induces the involution (a:i,..., X 2 n) •—t —{x 2 n, ■ ■ ■, x\) on Og. 

We can take the sets &c and Gh such that Gh = ©g Ll H(A). 

Let 0 be an automorphic form on [G] and let P = M x 7/ be a parabolic subgroup. 
Recall that the set of cuspidal exponents of 0 along P is a hnite subset of defined 
in |MW951 §1.3]. These sets (as we vary P) determine the growth of 0 along the cusps 
[ibid.. Lemma 1.4.1]. In particular, we can study the integrability over [H] in terms of the 
cuspidal exponents. (See also |Yaml41 Lemma 2.4].) 

Lemma 7.2. Let 0 he an automorphic form on [G]. Suppose that for any parabolic sub¬ 
group P = M t<U ofG and any cuspidal exponent X ofcf along P, the coordinates {xa)a£A^ 
ofpYfjfRe A) — (1,..., 1) with respect to the basis Aq satisfy Xa < 0 for all a 0 prj:^(A^). 
Then 0 is absolutely integrable over [H]. 

Proof. Fix 5 >0 sufficiently small and let 

A^{S) = {ae At„ : > 0 Va G A^}. 

Also, let KH = Kn H(A). Then 

f |0(h)| dh < f f f \(l){bak)\ db da dk. 

J[n] JkhJbh\Bii (A) 1 Ja^ {5) 

Observe that 

A^{6) C Ao(5) := {a e At : > 5, Va e Ag}. 

By [MW951 Lemma 1.4.1] there exists N such that for any choice of G (a^)*, P = M\kU 
parabolic, we have 

\<K'J)\ «(,.<•), E + ||i/p(9)||)", 

(PL) 

for any g G G(A) such that {a,Ho{g)) > 6 for all a G Ag, where the sum ranges over 
the pairs consisting of a parabolic subgroup P and a cuspidal exponent A of 0 along P. 
Therefore, to show the convergence of 10(h) | dh it suffices to prove that 
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for any (P, A) and a snitable choice of G Eqnivalently, prj:^(Re A + /i^ + po) ~‘^Po 

is a linear combination of Aq with negative coefficients. Clearly, by fH2]) this is eqnivalent 
to the condition stated in the lemma. □ 


Remark 7.3. Conversely, by an argument similar to that of [MW951 Lemma 1.4.11] (for 
the criterion of square-integrahility) one can show that iff) is an automorphic form on [G] 
such that 

/ \(f){hg)\ dh < oo 

A[h] 

for all g G G(A) then the cuspidal exponents of f) satisfy the conditions of Lemma \7.S\ We 
omit the details since we will not need to use this fact. 


We also have the following fact. 


Lemma 7.4. We have L'^{[G])h- com = -^^([G]). Moreover, the map (/,</?) ^ 

(p{h) dh is a continuous bilinear form on C'c(G(A)) xL^([G]) with the compact open topology 
onGc(G(A)). 


Proof. Let S be the fnnction on given by ^(^f) = By |Lapl3 

we have 


Corollary 2.3] 


1/ * (p(x)l ||/||ooS(a;)|l(p|]L2([G]), X G 6^ 

for any cp G L^([G]) and / G Gc(G(A)) snch that snpp / C {(? G G(A) : || 5 f|| < P}. 
It remains to note that H is integrable over since the exponent = 

(—1,..., —1) is a negative snm of roots of Aq (cf. the proof of Lemma [7.21) . □ 


Thns, in the case at hand is the orthogonal complement in L^([G]) of the 

closed snbspace L^([G])^ dehned by 

{p G L\[G]) : [ f* p{h) dh = Q for all / G Gc(G(A))}. 

A[h] 

By Lemma [7.41 we also have 


L2([g])^ = {pe L\[G]) : [ f* p{h) dh = 0 for all / G C(G(A))} 

i[H] 


for any dense snbspace C(G(A)) of Cc(G(A)). 


7.3. We will now nse the resnlts of Yamana |Yaml4j (extending those of Jacqnet-Rallis 
|JR92j and Offen [OffOGal lOffOGbj ) on the symplectic periods of Eisenstein series to prove 
a strong form of the opposite inclnsion of Proposition 17.11 

For the next resnlt, let P = M x P be a parabolic snbgronp and vr G ndisc(4lM\M(A)). 
We denote by AlZ7T7r(U(A)M\G(A)) the space of automorphic forms p on U(A)M\G(A) 
such that m i—)■ 6p{m)~^p{mg) belongs to the space of tt for all g G G(A). 

Lemma 7.5. Let A i—)■ </3(A) be a continuous map from i(o^j)* to a finite-dimensional 
subspace of AUTn{CJ{A)M\G{A)) . Then the integral Jjjjj P(h, 93 (A), A) dh converges ab¬ 
solutely uniformly for A in compact subset o/i(o^)*. 
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Proof. We will prove that there exists N such that for any compact subset D of i(a^)* we 

|B(9,V>(A), A)| + ||ff„(j)||)'', J € 6‘c. 

This will imply the corollary as in the proof of Lemma 17.21 Recall that there exist fi E 
Cc(G'(M)) and Xj G W(fl), i = 1, 2 such that fi and Xi are invariant under conjugation by 
Koo and /i * Xi + /2 * X 2 = 6e f |Art781 §4]). Therefore 

2 

(43) ^(A) = J]/(/,,A)/(.Y,,A)v(A). 

i=l 

Applying a suitable idempotent in the algebra of hnite functions on K we may assume that 
fl45]l holds with some bi-X-£nite fi E Cc(G(A)) (independent of A). Denote by A^ Arthur’s 
truncation operator [ArtSOj . By the argument in |Lap08[ Proposition 2.5], together with 
|Lapl3 Lemma 2.2] (with n = 0) (see also proof of |Lapl3 Proposition 5.1]) we get 

2 

\E{g, v(A), A)| « ^11 A’'£(-, /(/„ A)/(X„ \M\), A)||i.,|G|,e<«^''»<»», 9 e ©c 

i=l 


for all A G i(ci^)* where T is sufficiently regular in the positive Weyl chamber and T — Ho{g) 
lies in a hxed translate of the positive obtuse Weyl chamber. In particular, we may take 
T = fTo for some hxed Tq in the positive Weyl chamber where t 1 + ||i7o(5')||- Upon 
changing the function 93 , it remains to show that there exists N such that for any compact 
subset D of ia]b we have 


(44) ||A^E(-,(p(A), A)|U.([g]) «.,d (1 + ||T||)^. 

This is a consequence of [Art82bl Corollary 9.2] (see also |Lapll| ) together with the proof 
of |Lapl3 Lemma 5.2], which is based on the analysis of |Art82al §2 and §3]. (In fact, N 
can be taken to be the rank of G.) □ 


Proposition 7.6. We have 

-^H-dist([U']) ([^]) •J^l(L (i(ci£) ,IndL disc,Sp-type ([U]) ) )• 

[L] even 

Equivalently, 

-^^([G])h = ®0^2)ff-dist-^0([G])- 

Proof. Since G(A) is type I |CIo071 appendix] and L^([G]) is multiplicity fre^ (which 
follows from |MW89j and |JS81j . together with |Dix771 Theorem 8.6.5 and §18.7.6]) any 
G(A)-invariant closed subspace of L^([G]) is of the form 

where for each D we choose L such that (L, 6') E D for some 6' and Aj is a Lebesgue 
measurable XG'(L)-invariant subset of i(a^)*, determined up to a set of zero Lebesgue 

^in the sense that the commuting algebra of the regular representation in the space of bounded operators 
on L^([G]) is commutative 
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measure. (This follows from |Dix771 Theorem 8.6.5, Proposition 8.4.5 and §18.7.6].) Con¬ 
sider the above decomposition for the subspace L^([G])^. By |Yaml4( Theorem 3.2] we 
have = i(af)* (up to a measure 0 set) unless h G 2)r/-dist- (Alternatively, this also 
follows from Proposition 17.H i We need to show that Aj is of zero measure if h G 
Suppose on the contrary that has positive measure for some h G 2}/i-_dist- Thus, 

P(|G|r„ 5 

Let A be a bounded A^"G(T)-invariant subset of Aj of positive measure. Let I? be a ball 
centered at 0 in i(ai)* containing A. Take an arbitrary / G C'c(G(A)). Then for any 
(p G L^(A; Ind©(L,5)6i,L^([L]))^G(C Payg 

[ (f* [ E{ip{X),X) dx] (h) dh = 0. 

J[n] V Ja/Ng{l) J 

Therefore, by Lemma 17.51 for any bi-iP-finite / G Gc(G(A)) and a continuous function 
if from B into a finite-dimensional subspace of A7/T5(V(A)L\G(A)) such that 

p{wX) = M{w, X)ip{X) for all w G Ng{L) we have 

[ [ E{h,I{f,X)ip{X),X) dh dX = 0. 

J A/No (L) J[U] 

Here of course Q = L iK V is the parabolic subgroup of G with Levi part L. Fixing 
(L, 6') G h, it follows that Jjjjj E{h, I{f, X)ip, X) dh = 0 for any ip G AUTs>{X/'{A)L\G{A)) 
and almost all A G A. Thus J^^-^E{h,p, X) dh = 0 for any p G AZ7T5'(V(A)L\G(A)) 
and almost all A G A. On the other hand, by |Yaml4j J^-^-^E{h,p, X) dh extends to a 
meromorphic function which is not identically zero for some p G AZ7Tv(V(A)L\G(A)). 
We get a contradiction (e.g., using the Weierstrass preparation theorem) |j □ 

Combining Propositions 17.11 and 17.61 and the fact that -^R-dist([G]) ^ L^_dist([G])®* we 
obtain 


Corollary 7.7. We have 


-^R-dist([G]) — 


^R-dist 


([G]) 


st 


®aG2)/f.dist-^o([G]). 


In particular, 


L 


2 

disc,// -dist 


(|G]) = L 


2 

disc,// -type 


([G]). 


Remark 7.8. The results of this section suggest a close relationship between -^H-dist([G]) 

and L^([GLn]). For the generic part o/L^([GLn]) this relationship can he explicated by 

1 _1 

taking the Langlands guotient o/Indvr |det - |det - j which is an instance of Langlands 
functoriality. However, this recipe breaks down for the non-generic part o/L^([GLn]) and 
it remains to he seen whether this can be circumspectly phrased in terms of Langlands 
functoriality. 


®Of course, the proof in |Yaml4] gives more information about the possible zeros of E{h, ip, A) dh. 
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8. The main result 

We go back to the case G = Sp 2 „ and H = Sp„ x Sp„. As before, we have [H]g = [H], 
The analysis of the pair (G, H) is more difficnlt than for the pair (GL 2 n, Sp„) considered 
before. One of the reasons is that the analogue of Lemma YTM is no longer valid in the case 
at hand. Another reason is that the description of the discrete automorphic spectrum of 
G is much more involved than that of GL 2 n (cf. [MoeOlj L 

As in the previous case we will reformulate Corollary 16.21 - see Theorem 18.41 below. 
Unlike in the case of ^ we do not expect Corollary 16.21 to be tight (although we do not 
know how to prove it). In any case the statement of Theorem 18.41 is more elaborate than 
the corresponding Proposition 17.11 

8.1. Once again, we draw some facts from [MW95j (which is implicit in all references 
below). Recall that (VI) for each T G iS and d: G [Sx] such that L|([G])e; 7 ^ 0 we can 
attach a pair (L, Vs) (up to association) consisting of a Levi subgroup L of G and an 
admissible (not necessarily hnite length) subrepresentation (5,14) of L^;gj,([L]). Moreover, 
d = [(M, TT, /i + a^)] for some (M, tt) G X with M C L, p g {a^)* and L|([G])c is the image 
of L 2 (ia*;Ind under Jd^. The discrete spectrum of G itself (i.e., the 

case L = G) arises from singleton d’s (as we vary X). 

Let 

= {(X,d) : Xg d,dG [^x]}- 

Recall the decomposition 

-^^([G]) = ©(x,c)G®T|([G])e;. 

We consider the following subsets of IB: 

n = {(X, d) G ® : dimd = 0}, 

= {(X, d) G 03 : d G [Rx]H-dist}, 

n^-dist = O n 03//_dist, 

*B = {(x,d) G 03 : X G d}, 

n = nn®, 

where d denotes the set of cuspidal data represented by (M, tt) where M is contained in 
the Siegel Levi. We have fSH-dist ^ 03 and in particular, i3_H-_dist ^ 

We will set 

-^^([G]) = ©xg£-^t([G]) 

and Ljjg^([G]) = L^isf,([G]) fl Z^([G]). Since 03i^_dist ^ h follows from Corollary 16.21 
that 

(45) -^H-dist([G]) © ®(T,e:)e®if.dist-^l([G])ff ® Z^([G]). 

For TT G ndisc(G(A)) let ZLc,.([G]) = LLc,.([G]) C L2([G]) and let fldisc(G(A)) be the set 
of representations which occur in -^disc([G]). 
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Let 

-^Lc,R-type([G]) = ®(X,£)GQ/f.di.t-^l([G])e: ® Ljig^([G]). 

Once again by Corollary 16.21 we have 

■^disCjR -dist ([G]) C Ldisc,H-type([G]). 

(We expect the inclnsion to be strict, but we do not know how to show this.) 

Let ndisc,R-type(G(A)) be the subset of ndisc(G(A)) consisting of representations which 
occur in L 2 .^^_^_type([G]). 

8.2. We observe the following 

Lemma 8.1. Suppose that (Mj,7rj) G G iS and Aj G £, i = 1,2. Assume that 
for almost all v the unramified irreducible subquotients Ind((7rj)„, Aj)““ of lnd{{7ii)y, Xt) 
coincide. Then there exists w such that w{Mi, tti, Ai) = (M 2 ,7r2, A 2 ). 

Proof. Since vr*, i = 1,2 is generic, (vrj)^ and hence Ind((7rj)^,/Xj), is fully induced from 
an unramihed character of the torus T(A);) for almost all v. On the other hand, if 
Ind(xi)™ = Ind(x 2 )““ for unramihed characters Xi, X 2 of T(A);) then Ind(xi) = Ind(x 2 ) in 
the Grothendieck group. Thus, Ind((7ri)^,/xi) = Ind((7r2)„, ^ 2 ) in the Grothendieck group 
for almost all v. Let vr' = Ind^^"’°(7ri,/Xj), and similarly for (tt')^, so that Ind((7r()^) = 
Ind((7r2)^) in the Grothendieck group for almost all v. Let Tj be the representation 
of GL 4 „(A) induced from vr' G) 71 'fi, and similarly for (r*)^. Then (ri)^ = (r 2 )„ in the 
Grothendieck group of Gljin{Ffi) for almost all v and hence the unramihed subquotiets of 
{Ti)v^ i = 1, 2 are equal. It easily follows from the classihcation theorem of Jacquet-Shalika 
for GLdn |JS811 Theorem 4.4] that w{Mi, tti, Ai) = (M 2 ,7r2, A 2 ) for some w G W. □ 

Corollary 8.2. For any (X, C) G 0, L|([G])£ is a sum of isotypic components of . 

Equivalently, for any distinct elements (Xj,(tj), i = 1,2 of O. we have 

HomQ(A,(Lj,(lG])t..A(|G|)c,)=0. 

Indeed, if (X, (£:) G 0 then we can choose (M, tt) G X and {/i} G £ such that for any 
irreducible subrepresentation a of L|([G])(r, is the unramihed subquotient Ind( 7 r.u, /i)™ 
of Ind( 7 r.y, /i) for almost all v. (In particular, it is independent of a.) The Gorollary therefore 
follows from Lemma [8.11 

Corollary 8.3. We have 

-^disc,ri'-type([G]) ®7rendig(,,/f-type(G(A)) Ldjgj. ( [G] ) . 

That is, j|^_j.ypg([G]) is a sum of isotypic components in L^;g^([G]). 

We say that a Levi subgroup L (or its associate class) is even if L = M 2 ni,..., 2 nk-, 2 m where 
ni + ■ ■ ■ + Uk + m = n. For such L let Lh = = Sp^^ x • • • x Sp„^ x (Sp,^ x Sp^) where 

z.y is given in fl^ with 7 = (2 ni,..., 2nk', m, m). 
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Recall the set 2) of discrete data defined in 1 16.41 We define a snbset Dn-type of 2? by 


^H-type = : L = M(2ni,...,2nfc;2m),II-l H-h Tlfc + m = n, (5 = (g) • • • 0 4 (g) (T, 

^ ffdisc,Sp„^-dist (^GL 2 nj(■^)) 4 1, . . . , fc, O' G liaise,Sp^ X Sp^-type (Sp2jn (■^) )} • 

We denote by i^disc,L^-type([L]) the image of 

®i=l-hdisc,Sp„^-dist([^h'2ni]) ® h'disCjSp^ X Sp^-type([^P2m]) 

nnder the isomorphism 

®l,L^{[GL2n,]) ® f^'([Sp2m]) ^ i^'([L]). 

For any 0 G D dehne Lg([G]) = /.^([G]) fl L^([G]). 

Finally, we can state the npper bonnd resnlt on F^_jj;g^([G]). 


Theorem 8.4. 

i|,.di.,(|G]) c = 0 ae(T(iapitidLLc,L,..„3|L]))"““T 

[L] even 


Ronghly speaking, the assertion is that for the discrete data which ocenrs in the H- 
distingnished spectrum, the GL-part is as in the case of (GL 2 r, Sp^) considered in the pre¬ 
vious section, while on the Sp-part all we can say is that it arises from data in Osp^ x Sp^-dist- 


Proof. The equality on the right-hand side follows from Gorollarv 18.31 We will deduce the 
inclusion on the left-hand side from flT5|) . Suppose that (X, Ci) G lBj:/_dist- Let (M, tt = 
TTi 0 • • • 0 TTfc) G X where M = with Ui + ■ ■ ■ + Uk = 2n and (M, it, fi + a^) G 

^ e [S'xjn-dist with L = 5 M. For any j = 0,. .. ,k' there exists /' = 0,..., fc 

(with /g = 0) such that ni n;' = n[ + ■ —h n'. Let s = Let M' = M(^ns+i,...,nk-,o), 

tt' = TTs+i 0 • • • 0 TTfc G ncusp(^M'\MX'^)) ^^^1 /i' the last k — s coordinates of /i. We 
need to show that /' — is even for all ? = 1,..., k', m' is even and \{Mk vr', G 

[-5r']sp^,/2xsp^72-d-t 

By the explicit description of the condition [(M, 7r,/i -|- a^)] G [*S'x]_H--dist is that for 
some w (M) we have wtt = ti 0 ti 0 • • • 0 t/ 0 d 0 r( 0 • • • 0 4 where 21 + r = k and 
for some h < r we have 

• d/ G ncusp(AGL 2 ^,\GL 2 m'(A)) is (GL^/ x GL^/)-distinguished for i = 1,... ,/i, 

i 

• t[ is the trivial character of GLi(A) for i > li, 
and w{fi + a*jf) is contained in 


{(i^i + 2 ’^i 


1 111 
~,..., T 2 ’ 2^2' 


-, Ai,..., A/j) : z/i,..., z/z G 


where Ai,..., Azj (with h + I 2 = r) are as in Lemma 13.291 (for some x). Thus, there exists 
a permutation a of {1 ,..., fc} and signs ei,..., e; such that Xa{ 2 i-i) + ^iXa{ 2 i), i = I, ■ ■ ■ ,l 
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and Xo-(j), i > 21 are constant for all (xi,..., Xk) G aj (viewed as a subspace of a*^ ~ R*^). 
It follows that a{i) > s for i > 21 while for every i = 1,... ,l either 

both a{2i — 1 ) and a{2i) are bigger than s 


or 

e* = —1 and there exists j = 1,k' such that < a{2i — 1), a{2i) < I'-. 

Thus, I'j — l'j_i is even for all j. Moreover, if ii,... ,it are the indices i = 1,... ,l such 
that a{2i — l),a{2i) > s then [(M', tt', {p'})] contains the representative (M",7r",/i") where 

Tt" = Til 0 (g) • • • 0 Tjj 0 Tjj 0 0 • • • (g) 


and 






1 1 



h 


■ ■, 


for some ... 6 R. It follows that m' is even and once again by Lemma 13.291 that 

[(M', tt', {p'})] e [ 5 x']sp „,/2 X Sp^// 2 -dist as required. □ 


Theorem 18.41 is not completely satisfactory since the upper bound it provides is unlikely 
to be tight. We denote by T^isc,L^-dist([L]) the image of 

®i=l-^disc,Sp„^-dist([^^2ni]) 0 -^disc,Sp^ X Sp^-dist([^P2m]) 
under the isomorphism 

0t,L2([GL2„J) 0 T2([Sp2j) ^ L2([L]). 


In analogy with the case considered in the previous section, it is natural to make the 
following hypothesis. 


Conjecture 8.5. We have 

[L] even 

At this stage however we can prove neither the inclusion C nor the other. Also, we do 
not have a precise conjecture about the space j:^_^-g^([G]) itself. It is not even clear 
whether a simple description of T^isc/i'-dist([C']) is realistic. See also Remark [ 8 . 141 below. 


8.3. For completeness we give a criterion for the convergence of iL-period integrals of 
automorphic forms on [G] in terms of their cuspidal exponents, in analogy with Lemma 

O 

Lemma 8.6. Let 0 be an automorphic form on [G]. Suppose that for any parabolic sub¬ 
group P = M t< U and any cuspidal exponent \ of (f along P, the coordinates (x^jogAo 
o/ Re A + (0,1,..., n — 1, —n,..., — 1 ) with respect to the basis Aq satisfy Xq < 0 for all 
a ^ A^. Then (p is absolutely integrable over [H]. 
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Proof. It is more convenient to work with the centralizer H' of ~In)i which is 

conjngate to H. 

Fix (5 > 0 snfficiently small and let 

= {a e At : 5 Va e Af} 

where is the set of simple roots of T in Lie(-ff') with respect to Bh' = B P H'. Also, 
let Kh' = KnH'{A). Then 


10(h) I dh < 


fH'l 


'K^, JA'oiS) 


\(j){bak) \ ^ db da dk. 


Observe that 

A'(h) C U^,^o^Ao(h)- 

where is the image nnder l of the set of permntation matrices corresponding to the 
permntations a of {1,, 2n} snch that (j(l) < • • • < a{n) and a{n + 1) < • • ■ < a{2n) 
and 

Ao((5) = {a e At : > <5 Va G Aq}. 

Thns, 


10(h) I dh< 


\(j){ba^k)\6B^Xa'") db da dk 


[H'] JAo{5) 

Recall that by [MW95( Lemma 1.4.1] there exists N snch that for any choice of G 
(a^)*, P = M t< U parabolic snbgronp, we have 

l'#>(9)l «(„n, E + l|ffp(9)|l)'', 

(RA) 

for any g G G(A) snch that {a,HQ{g)) > 6 for all a G Aq, where the snm ranges over 
the pairs consisting of a parabolic snbgronp P and a cuspidal exponent A of 0 along P. 
Observe that Bh' C B^ for any w G W^'. Thus, for any b G Bh'(A)^, a E Aq{6), w e W^' 
and k E K we have 

|0(6a"'h)| = |0(6"'''an;h)| Y (1 + ||ihp(a)||)'^. 

(RA) 

Therefore, to show the convergence of |0(h)| dh it suffices to prove that 

r ^(ReA+p^+po,H^(a))^^ ^ || i^T(«) || («")"^ da < OO 

Jaq(5) 

for any w E W^', (P, A) and a suitable choice of /i^ G Equivalently, the projection 

of Re A + po — 2tpp^ to a*^ is a linear combination of Ap with negative coefficients where 

Pq' corresponds to • Note that Pq' = (n,..., 1, n,..., 1) and hence wPq' — p^' is 

a sum of positive roots of G with non-negative coefficients for any w G W^'. Thus, it 
suffices to check the condition for tc = 1. The lemma therefore follows from the fact that 
Po - 2p^' = (0,1,..., n - 1, -n,..., -1). □ 
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Remark 8.7. Conversely, one can show that if(j) is an automorphic form on [G] such that 

/ \(p{hg)\ dh < oo 

i[H] 

for all g G G(A) then the cuspidal exponents of 0 satisfy the conditions of Lemma \8.(k 
The argument is similar to that of |MW95[ Lemma 1.4.11] and will be omitted. 

8.4. Lower bound for L‘fj. We end up with an important example of represen¬ 
tations which occur in L^isc/i'-dist([C'])- First we need a lemma. 

Lemma 8.8. We have 
Thus, 

-^R-dist([G]) = ®A-h^_dist^^([G]) 

where = L|^_di,t([G])nL|([G]). Furthermore, Ljjis the orthogonal 

complement o/^x([G])^ in L|([G]). 


Proof. Given a cuspidal data [(M, tt)] G (£ and a hnite set S of places of F including the 
archimedean ones, such that iiy is unramihed for all r ^ S' let 

W)W = -'®.Ar', A6a;„ 

be the unramihed irreducible subquotient of A). It follows from Lemma [8.II that 
(46) if [{Mi, TTj)] G (£, i = 1, 2 are distinct then the images of h^Mi,-Ki) disjoint. 


Fix (5^ and let be distinct elements of (£, i = 1,..., r. Assume that Yhi ^4>i ^ ^([G])^ 
for (pi G . We have to show that 6^. G ^([G])^ for all i. We may assume that Xj G £ 
since fPx([G])^ = fPx([G]) if X ^ C. If S' is sufficiently large then Yhif ^ ^([G])^ for 
any bi-iF'^-invariant function /. For R > 0 let be the unramihed part of the admissible 
dual of G(A‘^) with parameters of real part of norm < R. Then is a compact Hausdorh 
space and by the Stone-Weierstrass Theorem the algebra {/ : / bi-iF'^-invariant} is dense 
in the space of continuous functions on Now, it follows from Theorem 15.11 that for 


suitable R 



))*T{Mj,-Kj)\{f) 


for all i and for some (complex-valued) measure on {o.\j.^c)<R = ^ • 

||ReA|| < R} where h* denotes the push-forward of h. (The image of (ci^^. c)<A under 
is contained in Y^j^, for suitable R' .) Thus, = 0 

and by (06]) = 0 for all i, i.e. /[jjj 9^.{h) dh = 0. The lemma 

follows. □ 


For the rest of the section assume that u = ui ua, is a composition of n and 

TTj G ncusp(AGL2„. \GL 2 ni(A)), i = 1,..., fc are pairwise inequivalent and GL„. x GL„.- 
distinguished. Equivalently ( |BF9nl[F,T93j ) L{^, 7rj)L(l, tt*, A^) = oo for all i. In particular. 
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TTj is self-dual for all i. Let P = M \k U he the parabolic subgroup of G with Levi part 
M = M{ 2 ni,..., 2 nk\ 0 ) ^ud let r = TTi®- • -^Tik £ ncusp(^M\lV[(A)). We identify Indr with the 
space of smooth functions in L^^gp ,^(U(A)M\G(A)). Consider the Eisenstein series A) 
for ip G Indr0 Since the vTj’s are distinct, (Ai — A)... (Afc — \)£{ip, A) is holomorphic in a 
neighborhood of Re Ai > • • • > Re A^ > 0. Let 

- ^) • • • A) 

where A° = (A,..., A). Similarly let M(A) be the corresponding intertwining operator 
(with respect to the longest Weyl element) and M* = limA^.Ao(Ai — A)... (A^ — 

It is known that £^ip G L^([G]) and these span an irreducible representation which we 
denote by 11,- [GRSlll Theorem 2.1], Moreover, 11,- = 11,-/ if and only if t' is obtained from 
r by a permutation. 

Remark 8.9. In the case k = 1, £^ip is integrable over [H] and its H-period was computed 
explicitly in jGRS991 Theorem 2], In contrast, for k > 1 we cannot expect £^ip to he 
integrable over [H], Indeed, (cf. Remark \8ll\) if n = ni+ ■■■ + Uk with ni < ■ ■ ■ < nk then 
A = (—A,...,—A) is a cuspidal exponent o/£’*(p with respect to -P( 2 ni,..., 2 nj.; 0 ) ond (since 
2ni < ri) the first coordinate of the projection of X {0,... ,n — 1, —n, ..., —1) to is 

77-1 — 1 > 0. 

For the next result, let G' = M( 2 n;o)) H' = HflG' ~ GL„ x GL„ and let P' = PflG' be 
the parabolic subgroup of G' ~ GL 2 n of type (2?7,i,..., 2nk). Set Ph' = P' fl H = P fl H', 
Mh = MnH = MnH' and Uh' = UflH' so that Ph' = Mh xUh'- Denote by I^'{t) the 
parabolic induction to G'(A) and let (M) = W{M) flG' (which is in natural bijection 
with the set of permutations on {1,..., k}). 

Lemma 8.10. Let tt,, i = 1,...,/c and r be as above. Then for any cp G I^'(t) and 
w G IT^'(M) we have 

f {w,0)ip(h) dh = f (p(h) dh 

Jam^, U-, (A)M“ \H' (A) ^UmUh/ (A)M^f \H' (A) 

where = M'^ x is the parabolic subgroup of G with Levi = wMw~^, Mfj = 
M"' (1 H = M'^ n H', Uf(, = U'^ n H' and finally M^' {w, A) is the intertwining operator 
I^'{r, A) —)■ I^' {wT,wX). 

Proof. By writing tp as a product of simple reflections we immediately reduce to the case 
where w is a simple reflection. In this case it suffices to check the lemma for k = 2. For 
ip E I^ (r) and Res S> 1 let (</?, s) be the corresponding Eisenstein series (on G'(A)) 

E^\9,T,s)= ^ Tsiig)- 


^See |Lap08| . Alternatively, it is enough to consider iy-finite sections. 
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The truncated Eisenstein series E^' {g, 99 , s) is given by 


^ ips{.ig)x<T{.H%{^g)) - ^ {M^\s)ip)_s{.19)x>T{.H%{^g)) 

-y&P'XG' 'yeP°\G' 


where P° is the parabolic subgroup of G' of type (n 2 ,ni) and M'^' {s) : (r) —)■ I^'{t°) is 

the corresponding intertwining operator where r° = 7 r 2 0 tti. Here we identihed the one¬ 
dimensional space Up, with M and x<t is the characteristic function of the corresponding 
ray in R. Similar notation is assumed also for P°. It follows from Lemma [2.31 that for any 
N there exists sq > 0 such that 


Ws{.ig)\x<T{.H%{x9)) 

'y&P’XG' 


E 

7 eP°\G' 


(M^'(s)(p)_,(7^) X>T{Hpo{x9)) ^s,T,N 


G' 


-N 


for any g G &q, and s G C with Res > sq. Thus, we can compute E^'{h, (p, s) dh 

using unfolding. Only the trivial orbit contributes; the other orbits whose contribution 
does not factor through a constant term involve vanishing inner periods - either diagonally 
embedded GL„j C x GL^^ with ui = n 2 or GL^.^ x GL^.^ C GL^j+^j with ki 7 ^ /c 2 - 

Therefore, we get an identity of meromorphic functions: 



{h, (p, s) dh 


tI 

S JAmUh/(A)Mjj\H'(A) 
^-sT r 


p{h) dh— 


{s)(p{h) dh 




where P° = M° x t/°, = M° O El and Up, = U° H Ed'. Since the left-hand side is 

holomorphic at s = 0 we conclude the functional equation. □ 


Theorem 8.11. The representation Ht- is a subrepresentation of p. 

Proof Let T = [(M, r)] = {w{M,t) : w G W^\M)}. Write <f = {r)n,ewo'iM) ^ Px^- By 
Theorem 15.11 we have 

(47) [ e^{h)dh= V [ 0^[A°]Ao(h) dh 

where P"' = M"' x IE" is the parabolic subgroup with Levi M"' = wMw~^, Mp = M'" DH 
and Up = W" fl H. Note that by Lemma I8.1UI we have 

(48) [ 0^[A°]Ao(h) dh= / (M(u;-\A°)0’^[A°])Ao(h) dh 

dAM*^UJ^(A)M]f\H(A) dAMUH{A)Afif\H(A) 

for any w G W'^'{M). Note that (by direct calculation) = 5pjj{m) for 

any m G Mh(A). Therefore 

f ipxo{h)dh= f q{>'°EpE)) f 6p^ {m)p{mh) dm dh 

>^AmUh(A)M/j-\H(A) ./Ph(A)\H(A) >^[Mh]m 
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for any ip G Ind(r, A°). Let Ind(r, A°)° be the subrepresentation of Ind(r, A°) given by 

{p : / pxo{hg) dh = 0 for all g G G(A)}. 

-'AmUh(A)Mjj\H(A) 

This is a proper subspace of Ind(r, A°) by the condition on r. Hence, it is contained in the 
kernel of M*, which by local considerations is the unique maximal proper subrepresentation 
of Ind(r, A°). In fact, most likely Ind(r, A*^)” = Ker M* but we will not need to know this 
fact. At any rate, it follows from flT7|) and fHHj) that 


%(1G|)« = {» 4 .- € Itid(T, A")-} 

w£WO'{M) 

C{e^: A°)0“'[A°]) = 0}. 

w£W^'{M) 

On the other hand, it follows from the proof of |MW95l Corollary V.3.16] and the simple 
description of the residue datum in the case at hand that 

w^WG'(M) w£WG'{M) 

Thus, the orthogonal complement of ^x([G])5^ in L|([G]) contains H,-. Hence, the propo¬ 
sition follows from Lemma [8.81 □ 


Remark 8.12. With the above notation it further follows that 

= n,. 

Indeed, by Corollary W.‘A the orthogonal complement of'^x{[G])°fj in L|([G]) is contained 
in Ht- since n, = i|(|G])|,„, n{A°})]- likely that in fact L^iscx([^]) ~ but we shall 

say no more about it.) 


Remark 8.13. It is conceivable that 


exists and is equal to 


lim 

miriQgAo (a,T)^°° 



A^S^{h, p) dh 


p{mh) dm dh. 


JPh(A)\H(A) JAmMh\Mh{A) 

This would be a generalization of |GRS99i Theorem 2] (for k = 1, 
necessary). However, we will not discuss it here. 


where no truncation is 


Remark 8.14. The results of the last two sections suggest a relationship, albeit vague, 
between L|^_dist([Gl]) an appropriate substitute o/L ql^ ^ GL„-dist([G'L 2 n])- It remains 
to be seen whether this can be phrased more precisely and conclusively. 
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Remark 8.15. By a more elaborate argument it is possible to prove that other represen¬ 
tations (for instanee, the identity representation) belong to -^^disc H-dist([^])- 
pursue this matter here. 
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